
M i N L O

Keith Hamilton, University College London, on leave at CERN-Theory, supported by ERC/HICCUP



MiNLO 

Motivations for NLO 

Renormalization and factorization scales 

Motivations for MiNLO 

MiNLO scale setting sketched with an example 

Applications

Outline



3

50 100 150

10-4

10-3

10-2

10-1

dσ
 / 

dp
T   

 [ 
pb

 / 
G

eV
 ]

LO
NLO

50 100 150 50 100 150 50 100 150

10-4

10-3

10-2

10-1

0.5

1

1.5

2
LO / NLO

0.5

1

1.5

2

50 100 150
First   Jet   pT  [ GeV ]

0.1

0.2

0.3

0.4

0.5

( Z
 / 

W
 ) 

 ra
tio

s LO:    Z / W-

NLO: Z / W-

50 100 150
Second   Jet   pT  [ GeV ]

LO:    Z / W+

NLO: Z / W+

50 100 150
Third   Jet   pT  [ GeV ]

50 100 150
Fourth   Jet   pT  [ GeV ]

0.1

0.2

0.3

0.4

0.5

NLO scale dependence

BlackHat+Sherpa

LO scale dependence

pT
jet  >  25 GeV,  |ηjet|  <  3 

pT
e   >  20 GeV,   |ηe|   <  2.5

  66 GeV  <  Mee < 116 GeV

R   =   0.5   [anti-kT]

√
$
s   =  7 TeV

µR  =  µF  =  HT
^ ’  / 2

Z / γ* + 4 jets + X

FIG. 3: A comparison of the pT distributions of the leading four jets in Z, γ∗ + 4-jet production at the LHC. In the upper
panels the NLO distribution is the solid (black) histogram and the LO predictions are shown as dashed (blue) lines. The thin
vertical line in the center of each bin (where visible) gives its numerical (Monte Carlo) integration error. The middle panels
show the LO distribution and LO and NLO scale-dependence bands normalized to the central NLO prediction. The bands are
shaded (gray) for NLO and cross-hatched (brown) for LO. In the bottom panel, the dotted (red) line is the LO Z/W− ratio,
the dot-longer-dash (cyan) line the NLO Z/W− ratio, the dot-shorter-dash (brown) line the LO Z/W+ ratio and the solid
(green) line the NLO Z/W+ ratio.

experiments. Here we present results for size parameter
R = 0.5. We order the jets in pT . In comparisons to W -
boson cross sections we follow exactly the cuts of ref. [11];
the jet cuts are identical. We use the CTEQ6M [29] par-
ton distribution functions at NLO, and the CTEQ6L1
set at LO. Electroweak boson masses and couplings are
chosen as in refs. [7, 9]. We also use the SHERPA six-
flavor implementation of αs(µ) and the value of αs(MZ)
provided by CTEQ.

In table I, we give LO and NLO parton-level inclusive
cross sections for e+e− production via a Z, γ∗ boson, and
accompanied by zero through four jets. The NLO results
exhibit a markedly reduced scale dependence compared
to LO; the improvement becomes stronger as the num-
ber of jets increases. We also display the ratios of the
Z to W+ cross sections, and the “jet-production” ratios
of Z + n-jet to Z + (n−1)-jet cross sections. Ratios to
W−-boson cross sections can be obtained using the re-
sults of ref. [11]. Both kinds of ratios should be less sen-
sitive to theoretical systematics than the absolute cross
sections. Indeed, the Z/W ratios show relatively little
difference between LO and NLO. This ratio changes very
little under correlated variations of µ in numerator and
denominator; hence we do not exhibit such scale varia-
tion. Varying the R parameter in the jet algorithm, we

find very similar behavior as in the W case [11].

It has generally been expected that the jet-production
ratio is roughly independent of the number of jets [30].
Other than the Z+ 1-jet/Z+ 0-jet ratio, which is smaller
because of the restricted kinematics of the leading con-
tribution to Z + 0-jet production, the results shown in
table I are consistent with this expectation. The ratios
are, however, rather sensitive to the experimental cuts:
for example, imposing large vector-boson pT cuts makes
them depend strongly on the number of jets [9].

In fig. 3, we show the pT distributions of the leading
four jets in Z, γ∗+ 4-jet production at LO and NLO. The
predictions are normalized to the central NLO prediction
in the middle panels. The NLO distributions display a
much smaller dependence on the unphysical renormaliza-
tion and factorization scales. For our central scale choice,
the distributions for the first three leading jets soften no-
ticeably from LO to NLO, while the fourth-jet distribu-
tion is virtually unchanged. The NLO corrections to the
behavior of Z, γ∗ + 4-jet and W + 4-jet production are
quite similar in this respect [11].

The bottom panels in fig. 3 show the ratio of Z/W+

and Z/W− production both at LO and at NLO. The
Z/W− ratio rises with rising pT while the Z/W+ ratio is
roughly flat. Both ratios reflect the rising dominance of
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FIG. 3: A comparison of the pT distributions of the leading four jets in Z, γ∗ + 4-jet production at the LHC. In the upper
panels the NLO distribution is the solid (black) histogram and the LO predictions are shown as dashed (blue) lines. The thin
vertical line in the center of each bin (where visible) gives its numerical (Monte Carlo) integration error. The middle panels
show the LO distribution and LO and NLO scale-dependence bands normalized to the central NLO prediction. The bands are
shaded (gray) for NLO and cross-hatched (brown) for LO. In the bottom panel, the dotted (red) line is the LO Z/W− ratio,
the dot-longer-dash (cyan) line the NLO Z/W− ratio, the dot-shorter-dash (brown) line the LO Z/W+ ratio and the solid
(green) line the NLO Z/W+ ratio.

experiments. Here we present results for size parameter
R = 0.5. We order the jets in pT . In comparisons to W -
boson cross sections we follow exactly the cuts of ref. [11];
the jet cuts are identical. We use the CTEQ6M [29] par-
ton distribution functions at NLO, and the CTEQ6L1
set at LO. Electroweak boson masses and couplings are
chosen as in refs. [7, 9]. We also use the SHERPA six-
flavor implementation of αs(µ) and the value of αs(MZ)
provided by CTEQ.

In table I, we give LO and NLO parton-level inclusive
cross sections for e+e− production via a Z, γ∗ boson, and
accompanied by zero through four jets. The NLO results
exhibit a markedly reduced scale dependence compared
to LO; the improvement becomes stronger as the num-
ber of jets increases. We also display the ratios of the
Z to W+ cross sections, and the “jet-production” ratios
of Z + n-jet to Z + (n−1)-jet cross sections. Ratios to
W−-boson cross sections can be obtained using the re-
sults of ref. [11]. Both kinds of ratios should be less sen-
sitive to theoretical systematics than the absolute cross
sections. Indeed, the Z/W ratios show relatively little
difference between LO and NLO. This ratio changes very
little under correlated variations of µ in numerator and
denominator; hence we do not exhibit such scale varia-
tion. Varying the R parameter in the jet algorithm, we

find very similar behavior as in the W case [11].

It has generally been expected that the jet-production
ratio is roughly independent of the number of jets [30].
Other than the Z+ 1-jet/Z+ 0-jet ratio, which is smaller
because of the restricted kinematics of the leading con-
tribution to Z + 0-jet production, the results shown in
table I are consistent with this expectation. The ratios
are, however, rather sensitive to the experimental cuts:
for example, imposing large vector-boson pT cuts makes
them depend strongly on the number of jets [9].

In fig. 3, we show the pT distributions of the leading
four jets in Z, γ∗+ 4-jet production at LO and NLO. The
predictions are normalized to the central NLO prediction
in the middle panels. The NLO distributions display a
much smaller dependence on the unphysical renormaliza-
tion and factorization scales. For our central scale choice,
the distributions for the first three leading jets soften no-
ticeably from LO to NLO, while the fourth-jet distribu-
tion is virtually unchanged. The NLO corrections to the
behavior of Z, γ∗ + 4-jet and W + 4-jet production are
quite similar in this respect [11].

The bottom panels in fig. 3 show the ratio of Z/W+

and Z/W− production both at LO and at NLO. The
Z/W− ratio rises with rising pT while the Z/W+ ratio is
roughly flat. Both ratios reflect the rising dominance of
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Precise Predictions for Z + 4 Jets at Hadron Colliders
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We present the cross section for production of a Z boson in association with four jets at the Large
Hadron Collider, at next-to-leading order in the QCD coupling. When the Z decays to neutrinos,
this process is a key irreducible background to many searches for new physics. Its computation
has been made feasible through the development of the on-shell approach to perturbative quantum
field theory. We present the total cross section for pp collisions at

√
s = 7 TeV, after folding in the

decay of the Z boson, or virtual photon, to a charged-lepton pair. We also provide distributions
of the transverse momenta of the four jets, and we compare cross sections and distributions to the
corresponding ones for the production of a W boson with accompanying jets.

PACS numbers: 12.38.-t, 12.38.Bx, 13.87.-a, 14.70.Hp

The Large Hadron Collider (LHC) is currently ex-
tending the energy frontier into uncharted territory, in
the quest to identify new physics beyond the Standard
Model of particle physics. Many signals of new physics,
especially those containing dark matter candidates, lie
in broad distributions with significant Standard Model
backgrounds. A first-principles understanding of these
backgrounds is provided by quantum chromodynamics
(QCD) and the QCD-improved parton model. The lead-
ing perturbative order (LO) in the QCD coupling αs

gives a good qualitative prediction. Quantitatively re-
liable predictions require, at the least, next-to-leading-
order (NLO) accuracy in the QCD coupling. For pro-
cesses at a hadron collider with many-jet final states,
NLO computations have long been a formidable challenge
to particle theorists.

In this article we present the first NLO QCD results
for Z boson production in association with four jets at a
hadron collider, specifically at the LHC. We fold in the
decay of the Z boson to an e+e− pair (or equivalently
µ+µ−), and include contributions from virtual-photon
exchange (collectively denoted by Z, γ∗). This process,
containing identifiable charged leptons, is a benchmark
for the closely related process in which the Z decays into
neutrinos, which appear as missing transverse energy.
The Z → νν̄ decay mode generates a key background
process in the search for supersymmetry, as well as for
other models that lead to dark-matter particle produc-
tion at the end of a cascade of strongly-produced new
particles. Fig. 1 shows a typical signal process, leading
to the same signature of missing transverse energy with
four jets and no sharp resonance. We note that another
approach to estimating this process — combining a mea-
surement of prompt-photon production with a theoretical

p p
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FIG. 1: Gluino pair production illustrates a typical signature
of new physics scenarios: four jets plus a pair of lightest super-
symmetric particles (LSPs) that escape the detector, yielding
missing transverse energy.
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FIG. 2: Sample diagrams for the seven-point loop amplitudes
for qg → Zqggg and qQ̄ → ZqQ′Q̄′Q̄, followed by Z → e+e−.
There are also small contributions where the Z boson is re-
placed by a photon. This process is very similar theoretically
to the case Z → νν̄ with missing transverse energy.

estimate of the Z-to-photon ratio [1–3] — also benefits
from NLO cross sections [4].
Recent years have witnessed a growing number of

NLO QCD results using both traditional and on-shell
approaches [5–11]. On-shell methods [12–15] exploit the
analytic properties that all scattering amplitudes must
satisfy, and generate new amplitudes from previously-
computed ones. Computationally, they scale modestly
with increasing numbers of external partons. We used
these methods to compute the production of a W or Z
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pp → ttH probes top Yukawa at tree level
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Figure 1: Sample tree diagrams contributing to the qq̄ → tt̄bb̄ and gg → tt̄bb̄ channels.

Figure 2: Sample pentagon and hexagon graphs contributing to qq̄ → tt̄bb̄ and gg →
tt̄bb̄. The gg (qq̄) channel comprises in total 1003 (188) graphs, including 40 (8) hexagons

and 114 (24) pentagons.

To compute the virtual corrections to tt̄bb̄ production we employ explicit diagram-

matic representations of the one-loop amplitudes. A key feature of our approach is the

factorization of colour structures at the level of individual diagrams. This permits to

reduce the CPU cost of colour sums essentially to zero. Helicity-dependent structures are

algebraically reduced to a common set of so-called standard matrix elements. In this way

the sums over physical helicities are strongly boosted. Tensor loop integrals are related

to scalar integrals by means of numerical algorithms that systematically avoid numeri-

cal instabilities from inverse Gram determinants and other spurious singularities [20, 21].

The efficiency of the calculation is strongly increased by recycling a multitude of common

subexpressions, which occur both inside individual diagrams and in tensor integrals of dif-

ferent diagrams that share common sub-topologies. As demonstrated by the remarkably

high CPU speed of the numerical code, these procedures strongly mitigate the factorial

complexity that is inherent in Feynman diagrams. The real corrections are handled with

the dipole subtraction method [50–53], and the phase-space integration is performed with

adaptive multi-channel methods [54–56]. Our results have been confirmed with the OPP

method [41–44] and HELAC-1LOOP [48,49] within the statistical Monte Carlo error of

0.2% [12].

The paper is organised as follows. Section 2 is devoted to technical aspects of the

calculation of the virtual and real corrections. In Section 3 we present predictions for the

LHC. In particular, we discuss the scale dependence and investigate NLO effects on the

shape of several distributions. Our results are summarised in Section 4. In App. A we

outline the algebraic reduction of helicity structures, and in App. B we provide benchmark

results for the matrix element squared in lowest order and including virtual corrections

for one phase-space point.

2 Details of the calculation

In LO, the hadronic production of tt̄bb̄ proceeds via the partonic processes qq̄ → tt̄bb̄

and gg → tt̄bb̄, which are described by 7 and 36 tree diagrams, respectively (see Figure 1).

The virtual NLO QCD corrections to these channels involve 188 and 1003 one-loop di-

3

Figure 3: Sample real-emission diagrams contributing to the channels qq̄ → tt̄bb̄g,

qg → tt̄bb̄q, and gg → tt̄bb̄g.

agrams, respectively. A few examples of pentagon and hexagon graphs are illustrated

in Figure 2. The real emission contributions are induced by the partonic processes

qq̄ → tt̄bb̄g, gg → tt̄bb̄g, qg → tt̄bb̄q, and gq̄ → tt̄bb̄q̄. The gg channel involves 341 tree

diagrams. The qq̄, qg and gq̄ channels, which are related by crossing transformations, are

described by 64 tree diagrams each (see Figure 3).

In the following we describe the calculation of the virtual and real NLO corrections.

Each of these contributions has been worked out twice and independently, resulting in

two completely independent computer codes. Top quarks are treated fully inclusively,

i.e. we do not include top decays. Moreover we handle bottom quarks in the massless

approximation, corresponding to the five-flavour scheme. However, we do not take into

account the suppressed contribution from initial-state bottom quarks.

2.1 Virtual corrections

The virtual corrections are generated with two in-house Mathematica programs

that reduce Feynman diagrams and generate Fortran77 code in a fully automatized

way. One of the two programs relies on FormCalc 5.2 [57] for preliminary algebraic

manipulations. Here we outline the underlying structure of the calculation, with em-

phasis on colour/helicity structures and tensor integrals. In this respect, both programs

are organised in a fairly similar way. Since the treatment of the qq̄ channel is already

documented in Ref. [10], we focus on the gg channel.

Diagram-by-diagram approach

The virtual corrections are obtained from the interference of the one-loop and LO

matrix elements summed over external-state colours and helicities. This quantity is com-

puted on a diagram-by-diagram basis,

∑

col

∑

hel

M(1-loop)
(

M(LO)
)∗

=
∑

Γ

[

∑

col

∑

hel

M(Γ)
(

M(LO)
)∗
]

. (2.1)

The contributions of individual loop diagrams (Γ) are evaluated by separate numerical

routines and summed explicitly. The Feynman diagrams are generated with two indepen-

dent tools, FeynArts 1.0 [58] and FeynArts 3.2 [59].
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‘Good scales’ commonly considered to be so retrospectively on 

seeing that the NLO corrns and the scale sensitivity are small

Renormalization and factorization scales

‘Bad scales’ commonly declared as such on finding large NLO corrns & 

scale sensitivity : typically diagnosed as large unphysical scale logs



1

2

4

20 40 60 80 100

pH

T
[GeV]

R
a
ti
o

H PWG

HJ RUN

HJ FXD

The observables for which we expect most advantges from the MINLO method are those
that can be constructed from the momenta of the pseudo-partons after a kT-clustering
procedure carried out until we have n jets, n being the number of radiated partons beyond
the primary process at the Born level (e.g. n = 1 for HJ and ZJ and n = 2 for HJJ and
ZJJ). Strictly speaking it should work for observables built up with the n-jet exclusive cross
section. This is obtained by applying the kT clustering algorithm, discarding or merging
the pseudoparton with the smallest transverse momentum until we are left with exactly n

pseudopartons. In practice, it should also work well for quantities built out of the hardest
n jets, as defined in the inclusive kT algorithm with a reasonable (i.e. not too small) choice
of the R parameter. We remark, however, that quantities that are sensitive to the radiation
in the real event (i.e. to the third parton in HJJ and to the second parton in HJ) the MINLO
method has no great advantage over the standard ones. In fact, no Sudakov suppression is
included for the radiated parton in the real cross section. On the other hand, the POWHEG
method provides specifically these Sudakov form factors, while maintaining NLO accuracy.
Therefore, the MINLO method combined with POWHEG yields the fully resummed results for
all quantities. We expect that in this framework the POWHEG results improved with the
MINLO method will ease the task of merging multijet samples, by providing associated jet
cross section that merge more smoothly with those with smaller multiplicity.

It is possible to conceive observables for which the MINLO method includes double
logarithms (at the NNLO level and beyond) that are actually not correct [32]. At the end
of Section 5.2.1 we will consider two such examples.

5.2 Higgs boson production

5.2.1 Higgs boson production in association with one jet

We begin by considering the MINLO improved HJ calculation. In fig. 2 we show the transverse
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Figure 2: Transverse momentum spectrum of the Higgs boson, computed with the POWHEG BOX
ggH generator (H PWG), the HJ-MINLO result (HJ MINLO), the HJ default µF = µR = p

H

T (HJ
RUN), and HJ with µF = µR = MH (HJ FXD). The right panel shows the ratio of each of the
NLO HJ results with respect to the NLO ggH POWHEG simulation with the band either side of the
central values indicating the combined renormalization and factorization scale uncertainty. Results
are shown for LHC collisions at 7 TeV and a Higgs mass of 120 GeV. No cuts are applied.
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The observables for which we expect most advantges from the MINLO method are those
that can be constructed from the momenta of the pseudo-partons after a kT-clustering
procedure carried out until we have n jets, n being the number of radiated partons beyond
the primary process at the Born level (e.g. n = 1 for HJ and ZJ and n = 2 for HJJ and
ZJJ). Strictly speaking it should work for observables built up with the n-jet exclusive cross
section. This is obtained by applying the kT clustering algorithm, discarding or merging
the pseudoparton with the smallest transverse momentum until we are left with exactly n

pseudopartons. In practice, it should also work well for quantities built out of the hardest
n jets, as defined in the inclusive kT algorithm with a reasonable (i.e. not too small) choice
of the R parameter. We remark, however, that quantities that are sensitive to the radiation
in the real event (i.e. to the third parton in HJJ and to the second parton in HJ) the MINLO
method has no great advantage over the standard ones. In fact, no Sudakov suppression is
included for the radiated parton in the real cross section. On the other hand, the POWHEG
method provides specifically these Sudakov form factors, while maintaining NLO accuracy.
Therefore, the MINLO method combined with POWHEG yields the fully resummed results for
all quantities. We expect that in this framework the POWHEG results improved with the
MINLO method will ease the task of merging multijet samples, by providing associated jet
cross section that merge more smoothly with those with smaller multiplicity.

It is possible to conceive observables for which the MINLO method includes double
logarithms (at the NNLO level and beyond) that are actually not correct [32]. At the end
of Section 5.2.1 we will consider two such examples.

5.2 Higgs boson production

5.2.1 Higgs boson production in association with one jet

We begin by considering the MINLO improved HJ calculation. In fig. 2 we show the transverse
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Figure 2: Transverse momentum spectrum of the Higgs boson, computed with the POWHEG BOX
ggH generator (H PWG), the HJ-MINLO result (HJ MINLO), the HJ default µF = µR = p

H

T (HJ
RUN), and HJ with µF = µR = MH (HJ FXD). The right panel shows the ratio of each of the
NLO HJ results with respect to the NLO ggH POWHEG simulation with the band either side of the
central values indicating the combined renormalization and factorization scale uncertainty. Results
are shown for LHC collisions at 7 TeV and a Higgs mass of 120 GeV. No cuts are applied.
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NLO HJ μ=mH

Adjusting scale to make corrns / sensitivity small can effectively ‘eat’ 
unrelated physics in scale choice 

Big corrns can have real physical origins: new prodn channels, big 
colour factors, large gluon flux, I.R. logs ...

Q1: are large NLO corrns all down to large μR /F logs?



In single/few scale processes it’s harder to make a bad scale choice 

Q2: what if there are many scales to choose from?
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In single/few scale processes it’s harder to make a bad scale choice 
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MUD

.

-  . )

W

μR = μF ~ mW 

Q2: what if there are many scales to choose from?
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In procs with more jets, i.e. more scales, it’s harder to know what to do

W
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J3

μR/F ~ mW ?

μR/F ~ ET,W ?

μR/F ~ HT ?

μR/F ~ HT ?‘

μR/F ~ HT/2 ?

μR/F ~ pT,J3 ?

Q2: what if there are many scales to choose from?



It’s also common for these scales to be VERY different to each other
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μR/F ~ HT ?‘

μR/F ~ HT/2 ?

μR/F ~ pT,J3 ?

Q2: what if there are many scales to choose from?

The problem is that complicated processes such as W + 2, 3-jet production 
have many intrinsic scales, and it is not clear we can distill them into a single 
number. For any given point in the fully-differential cross section, there is a 
range of scales one could plausibly choose   ̶̶     BlackHat collaboration
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FIG. 9: The ET distribution of the second jet at LO and NLO, for two dynamical scale choices,

µ = EW
T (left plot) and µ = ĤT (right plot). The histograms and bands have the same meaning

as in previous figures. The NLO distribution for µ = EW
T turns negative beyond ET = 475 GeV.

the NLO cross section: too low a scale at NLO will make the total cross section unphysically

negative.

This diagnostic can be applied bin by bin in distributions. For example, in fig. 9 we show

the ET distribution of the second-most energetic jet of the three, at the LHC. In the left plot

we choose the scale to be the W transverse energy EW
T (defined in eq. (3.3)) used earlier in

the Tevatron analysis. Near an ET of 475 GeV, the NLO prediction for the differential cross

section turns negative! This is a sign of a poor scale choice, which has re-introduced large

enough logarithms of scale ratios to overwhelm the LO terms at that jet ET . Its inadequacy

is also indicated by the large ratio of the LO to NLO distributions at lower ET , and in the

rapid growth of the NLO scale-dependence band with ET . In contrast, the right panel of

fig. 9 shows that ĤT (defined in eq. (2.10)) provides a sensible choice of scale: the NLO

cross section stays positive, and the ratio of the LO and NLO distributions, though not

completely flat, is much more stable.

Why is µ = EW
T such a poor choice of scale for the second jet ET distribution, compared

with µ = ĤT ? (For an independent, but related discussion of this question, see ref. [40].)

Consider the two distinct types of W + 3 jet configurations shown in fig. 10. If configuration

(a) dominated, then as the jet ET increased, EW
T would increase along with it, by conser-

32

BlackHat paper points out physical distns can go -ve for μR = μF = ET,W

BSM background: W+3 jets [3 jets = 3 αS’s]

For sufficiently poor choices [of scales] large logs can appear in some distributions, 

invalidating even an NLO prediction   ̶̶     BlackHat collaboration

μR = μF = ET,W

Q2: what if there are many scales to choose from?

μR = μF = HT^


