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Not a Neyman construction… Bayesian integral with flat prior !

O’ Helene 

Goal of the lecture: understand the content and interpretation of the two figures 



Motivation Outline 
Lecture 1:  Basics  (26.9.) 
Ø  Motivation  
Ø  Frequentist and Bayesian Probability  
Ø  Parameter Estimation from Maximum Likelihood 
Ø  Frequentist Confidence Intervals a la Neyman and Coverage 
Ø  Bayesian Credibility Interval from Likelihood Principle  

Lecture 2:  Limits for Gaussian Probability Distribution (27.9) 
Ø  Connection of Frequentist Limit to Frequentist Hypothesis Test   
Ø  Limits close to physical boundary   
Ø  Frequentist and Bayesian Limits  
Ø  Modified Frequentist:  CL_s Method and Power Constrained Limit (PCL)  
Ø  Unified Approach, Feldman- Cousins Intervals (FCL) 

Lecture 3:  Limits for Poisson Distribution  (28.9.) 
Ø  Confidence Intervals  
Ø  Limits close to physical boundary   
Ø  Frequentist, Bayesian, PCL, CL_s,  FC Limits 



Motivation Outline 
Lecture 1:  Basics  (26.9.) 
Ø  Motivation  
Ø  Frequentist and Bayesian Probability  
Ø  Parameter Estimation from Maximum Likelihood 
Ø  Frequentist Confidence Intervals a la Neyman and Coverage 
Ø  Bayesian Credibility Interval from Likelihood Principle  

Lecture 2:  Limits for Gaussian Probability Distribution (today) 
Ø  Connection of Frequentist Limit to Frequentist Hypothesis Test   
Ø  Limits close to physical boundary   
Ø  Frequentist and Bayesian Limits  
Ø  Modified Frequentist:  CLS Method and Power Constrained Limit (PCL)  
Ø  Unified Approach, Feldman- Cousins Intervals (FCL)à 28.9 

Lecture 3:  Limits for Poisson Distribution  (28.9.) 
Ø  Confidence Intervals with and w/o background 
Ø  Limits close to physical boundary   
Ø  Frequentist, Bayesian, PCL, CL_s,  FC Limits 



Interpretation of CI: Frequentist  and  Bayesian  

Frequentist:  - objects to / can not make probability assignment to true values  
                     - construct a confidence interval CI  [a,b]  at xy% CL from data   
                        in such a way that in a sequence of repeated identical measurements  
                        the fraction xy% of such intervals contains the true value  
                     - no statement about true value in a single experiment 
                     - ”the coverage probability of the interval is XY %“ 
                     -  no problems with “empty” intervals:  mν

2  < -1 eV2,   s < - 0.3  @95% CL 

Bayesian:     - wants to make statement about probability of true value 
                       from single measurement 
                     - credibility interval / Bayesian confidence interval [a,b] at xy% CL   
                     - probability / degree of belief that true values lies in [a,b] is xy% 
                     - coverage and outcome of not observed experiments not interesting 
                     - all information is in observed likelihood function à likelihood principle 
                     - „empty“ intervals are meaningless in Bayesian interpretation 
                        but are avoided by an appropiate prior probability  

CI: Attempt for a probability statement connecting  measurement with true value  



Boundaries of confidence interval given  
by intersect of observed value 
with confidence belt à [a,b]  

Region btw. uα(θ) and vβ(θ) is the confidence belt 

Correct coverage by construction 
 
Calculation of confidence belt 
very CPU intensive  
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θ̂ vorhersagen. Auf der rechten Seite von Abb. 8.1 ist diese Verteilung beispielhaft für den
ML-Schätzer θ̂ des Mittelwerts einer Exponentialverteilung für vier verschiedene wahre
Werte θ des Mittelwerts dargestellt (siehe Abschnitt 6.4.2, Gl. 6.62; um der allgemeinen
Nomenklatur zu folgen, wird τ hier durch θ ersetzt). Als Stichprobenumfang wurde hier
n = 20 gewählt, so dass die Verteilungen deutlich von der Gaußverteilung abweichen. In
jeder dieser Verteilungen g(θ̂; θ) kann nun zu jedem α,β mit 0 ≤ α,β ≤ 1 ein Intervall
[lβ , uα] so bestimmt werden, dass die Wahrscheinlichkeit, einen Schätzwert θ̂ kleiner als lβ
zu erhalten gerade β ist und die Wahrscheinlichkeit, einen Schätzwert θ̂ größer als uα zu
erhalten gerade α ist:

α = P (θ̂ ≥ uα(θ)) =
∫ ∞

uα(θ)
g(θ̂; θ)dθ̂ = 1 − G(uα(θ); θ) (8.2)

und

β = P (θ̂ ≤ lβ(θ)) =
∫ lβ(θ)

−∞
g(θ̂; θ)dθ̂ = G(lβ(θ); θ) (8.3)

G ist hierbei die kumulative Verteilungsfunktion zu g(θ̂; θ). Der Wert von lβ bzw. uα hängt
natürlich vom wahren Wert θ ab, so dass lβ(θ) und uα(θ) als Funktion von θ geschrieben
werden. Auf der linken Seite von Abb. 8.1 sind lβ(θ) und uα(θ) dargestellt. Nach Konstrul-
tion ist für jeden beliebigen wahren Wert θ die Wahrscheinlichkeit, dass der Schätzwert θ̂
in dem Band zwischen lβ und uα (dem sogenannten Konfidenzband) liegt

P (lβ(θ) ≤ θ̂ ≤ uα(θ)) = 1 − α − β (8.4)

Unter der (in aller Regel gerechtfertigten) Annahme, dass lβ(θ) und uα(θ) monoton stei-
gende Funktionen sind existieren Umkehrabbildungen

a(θ̂) ≡ u−1
α (θ̂) (8.5)

b(θ̂) ≡ l−1
β (θ̂). (8.6)

Damit gelten die Äquivalenzen

θ̂ ≥ uα(θ) ⇔ a(θ̂) ≥ θ (8.7)
θ̂ ≤ lβ(θ) ⇔ b(θ̂) ≤ θ, (8.8)

und zwar für jedes θ. Egal welches θ das wahre ist, gilt also immer

P (a(θ̂) ≥ θ) = α (8.9)
P (b(θ̂) ≤ θ) = β (8.10)

oder äquivalent

P (a(θ̂) ≤ θ ≤ b(θ̂)) = 1 − α − β. (8.11)

Man beachte, dass dies immer noch eine Wahrscheinlichkeitsaussage über θ̂ bzw. a(θ̂)
und b(θ̂) ist. Für jeden gegebenen Wert von θ sind die Schätzwerte θ̂ so verteilt und die
Funktionen a und b so konstruiert, dass diese Wahrscheinlichkeitsaussage gilt. Sie gilt also
insbesondere für den unbekannten wahren Wert von θ. Dies ist der Kern des Verfahrens. Bei
Wiederholung der Messung ist die Wahrscheinlichkeit, dass das aus der Messung abgeleite-
te Intervall [a(θ̂), b(θ̂)] den wahren Wert enthält, gerade 1−α−β. Das bedeutet natürlich
auch, dass man in einem Bruchteil α+β der Messungen ein Intervall herausbekommt, das
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θ̂ ≥ uα(θ) ⇔ a(θ̂) ≥ θ (8.7)
θ̂ ≤ lβ(θ) ⇔ b(θ̂) ≤ θ, (8.8)

und zwar für jedes θ. Egal welches θ das wahre ist, gilt also immer

P (a(θ̂) ≥ θ) = α (8.9)
P (b(θ̂) ≤ θ) = β (8.10)
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For all possible true values θ holds: 
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G ist hierbei die kumulative Verteilungsfunktion zu g(θ̂; θ). Der Wert von lβ bzw. uα hängt
natürlich vom wahren Wert θ ab, so dass lβ(θ) und uα(θ) als Funktion von θ geschrieben
werden. Auf der linken Seite von Abb. 8.1 sind lβ(θ) und uα(θ) dargestellt. Nach Konstrul-
tion ist für jeden beliebigen wahren Wert θ die Wahrscheinlichkeit, dass der Schätzwert θ̂
in dem Band zwischen lβ und uα (dem sogenannten Konfidenzband) liegt

P (lβ(θ) ≤ θ̂ ≤ uα(θ)) = 1 − α − β (8.4)

Unter der (in aller Regel gerechtfertigten) Annahme, dass lβ(θ) und uα(θ) monoton stei-
gende Funktionen sind existieren Umkehrabbildungen

a(θ̂) ≡ u−1
α (θ̂) (8.5)

b(θ̂) ≡ l−1
β (θ̂). (8.6)

Damit gelten die Äquivalenzen

θ̂ ≥ uα(θ) ⇔ a(θ̂) ≥ θ (8.7)
θ̂ ≤ lβ(θ) ⇔ b(θ̂) ≤ θ, (8.8)

und zwar für jedes θ. Egal welches θ das wahre ist, gilt also immer

P (a(θ̂) ≥ θ) = α (8.9)
P (b(θ̂) ≤ θ) = β (8.10)

oder äquivalent

P (a(θ̂) ≤ θ ≤ b(θ̂)) = 1 − α − β. (8.11)

Man beachte, dass dies immer noch eine Wahrscheinlichkeitsaussage über θ̂ bzw. a(θ̂)
und b(θ̂) ist. Für jeden gegebenen Wert von θ sind die Schätzwerte θ̂ so verteilt und die
Funktionen a und b so konstruiert, dass diese Wahrscheinlichkeitsaussage gilt. Sie gilt also
insbesondere für den unbekannten wahren Wert von θ. Dies ist der Kern des Verfahrens. Bei
Wiederholung der Messung ist die Wahrscheinlichkeit, dass das aus der Messung abgeleite-
te Intervall [a(θ̂), b(θ̂)] den wahren Wert enthält, gerade 1−α−β. Das bedeutet natürlich
auch, dass man in einem Bruchteil α+β der Messungen ein Intervall herausbekommt, das

Classical Frequentist Intervals 



Motivation Construction of CI for Exponential PDF  
ML-Schätzer Estimator = arithmetic mean of lifetimes 
PDF for ML estimator is special case of gamma function  

PDF for NSP=5 various true lifetimes            for true lifetime = 4,various NSP 
 
for NSP à ∞  PDF converges to Gaussian PDF due to Central Limit Theorem  



Motivation 
Construction of confidence belts for exp. pdf PDF for ML-estimator for various  true life times for sample size NSP = 20 

Construction of CI for Exponential PDF (2)  

Confidence belt:  uα and lβ

Confidence interval [a;b]



Motivation 
Construction of confidence belts for exp. pdf Comparison of CI from estimator ±  1 standard deviation (triangles) 

                             and from correct Nyman Construction  (points)  

for finite/small  n = NSP  
Ø  correct Neyman CI longer 
Ø  coverage of naive CI  
     smaller than claimed CLl  

Construction of CI for Exponential PDF (3)  

for n = NSP à ∞   both CI get  
identical as PDF for estimator  
à Gauss-PDF fGauss 



Motivation Basics of Hypothesis Tests  
Null hypothesis H0 :  hypothesis  which you try to falsify / reject  
                                 (one can not verify / approve hypothesis)  
 
Test statistic t:           any function of your data which is used 
                                  to quantify (dis-)agreement with H0 
 
g(t|H0):                      probability density function PDF for test statistics  
                                  under null hypothesis H0 
 
Critical region:           range of test statistic for which H0 is rejected       
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Abbildung 4.4: Wahrscheinlichkeitsdichten der Teststatistik t für die Nullhypothese H0

(a) und unter der alternativen Hypothese H1 (b).

4.3.1 Ereignisselektion

Ein Spezialfall ist die Verwendung eines Hypothesen-Tests zur Selektion von Ereignissen.
Ein “Ereignis” kann dabei eine bestimmte Teilchenkollision in den Daten eines Experi-
ments sein, ein bestimmtes Teilchen, welches von einem Detektor vermessen wird, oder
generell jede sich wiederholende Erscheinung, die durch eine Teststatistik charakterisiert
werden kann. Wir nehmen vereinfachend an, dass die Ereignisse zu genau zwei Klassen
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Denn die beiden Signifikanzen der Einzelmessungen folgen einer zweidimensionalen Gauß-
verteilung und bei dieser haben die Punkte
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zu erhalten ist also gleich der Wahrscheinlichkeit für eine Messung mit der
in Gl. 4.14 angegebene Signifikanz (und eine zweiten mit Signifikanz 0, die ignoriert wird).

4.3 Hypothesen-Test

Ist eine Nullhypothese H0 und eine Teststatistik t⃗ gegeben, dann legt H0 eine Wahr-
scheinlichkeitsdichte g(⃗t|H0) für t⃗ fest. Wenn H0 richtig ist, dann folgt t⃗ der Verteilung
g(⃗t|H0) (Abb. 4.4 (a)). Wenn H0 nicht richtig ist, dann folgt t⃗ einer anderen Verteilung.
Wir nehmen vereinfachend an, dass es nur eine alternative Hypothese H1 gibt, die für
t⃗ die Verteilung g(⃗t|H1) vorhersagt (Abb. 4.4 (b)). Der Test der Nullhypothese besteht
darin, für die Teststatistik t⃗ einen eine kritische Region Ωk festzulegen im Raum Ω der
möglichen Werte der Teststatistik, und H0 zu verwerfen, wenn der Wert der Teststati-
stik in der kritischen Region liegt. Das Komplement zur kritischen Region Ω − Ωk heißt
Akzeptanzregion. Die Wahrscheinlichkeit für t⃗ in der kritischen Region zu liegen heißt
Signifikanzniveau des Tests und wird mit α bezeichnet.

α =
∫

Ωk

g(⃗t|H0)dt⃗. (4.15)

Ein Test mit hohem Signifikanzniveau ist also einer, bei dem besonders harte Bedingungen
erfüllt sein müssen um die Nullhypothese nicht zu verwerfen. Offenbar gibt das Signifi-
kanzniveau α gerade die Wahrscheinlichkeit an, die Nullhypothese zu verwerfen obwohl
sie richtig ist. Eine solche falsche Entscheidung heißt Fehler erster Art. Wird die Null-
hypothese nicht verworfen, dann sagt man sie sei (in diesem Test) akzeptiert. Ob man die
Nullhypothese generell akzeptiert, wird man jedoch von der Wahrscheinlichkeit β abhängig
machen, in diesem Test die Nullhypothese zu akzeptieren obwohl sie falsch und folglich
die alternative Hypothese H1 richtig ist. Letzteres nennt man einen Fehler zweiter Art.

β =
∫

Ω−Ωk

g(⃗t|H1)dt⃗. (4.16)

β ist also die Wahrscheinlichkeit, dass bei Richtigkeit der alternativen Hypothese H1 t⃗
außerhalb ber kritischen Region liegt. (1 − β) heißt Güte des Tests und gibt die Wahr-
scheinlichkeit an, die Nullhypothese zu verwerfen wenn sie falsch ist.

Wenn die Teststatistik eindimensional ist, wie in Abb. 4.4, dann ist die kritische Regi-
on zum Beispiel durch die t-Werte definiert, die größer sind als ein bestimmtes tk. Das
Signifikanzniveau ist dann

α =
∫ ∞

tk

g(t|H0)dt. (4.17)

Die Wahrscheinlichkeit, die Nullhypothese fälschlicherweise zu akzeptieren, ist entspre-
chend

β =
∫ tk

−∞
g(t|H1)dt. (4.18)

α:  significance (level) 
     size of test 
     error of 1st kind. 
     probability to reject H0,  
     if H0 is true  
       



Motivation Basics of Hypothesis Tests (2)  

In principle: infinity many possibilities to choose critical region for given α  
(especially for one sided tests you need an alternative hypothesis to decide  
 what you call inconsistent with null hypothesis)  
 
Alternative hypothesis H1 :  hypothesis  which you would like to approve 
                                            
g(t|H1):                                 probability density function for test statistics  
                                            under alternative hypothesis H1 
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(a) und unter der alternativen Hypothese H1 (b).

4.3.1 Ereignisselektion

Ein Spezialfall ist die Verwendung eines Hypothesen-Tests zur Selektion von Ereignissen.
Ein “Ereignis” kann dabei eine bestimmte Teilchenkollision in den Daten eines Experi-
ments sein, ein bestimmtes Teilchen, welches von einem Detektor vermessen wird, oder
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β:          error of 2nd kind 
M=1-β:  power 
 
β    prob. to reject H1, if H1 is true 
1-β   prob to “accept” H1, if H1 is true 
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die gleiche Wahrscheinlichkeit. Die Wahrscheinlichkeit, in zwei Messungen Signifikanzen
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zu erhalten ist also gleich der Wahrscheinlichkeit für eine Messung mit der
in Gl. 4.14 angegebene Signifikanz (und eine zweiten mit Signifikanz 0, die ignoriert wird).
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One- and Twosided Tests 

Depending on problem deviation in one or two directions are considered  
as incompatible with null hypothesis  
 
à  one or two-sided test  and critical region 
à if two-sided distribute significance α on both regions (mostly α/2)  



P-Value 
P-value: probability to observe a data set, which is as consistent or less  
              with null hypothesis as the actual observation 

P-value is random variable (c.f. significance level α fixed before measurement) 
if  P-value = significance level α, then qobs.  = q critical 

if P-values less then significance level α then reject null hypothesis  
1-P-value = confidence level of the  tests 
Beware of wrong interpretation:   P-value is not probability,    that H0 is wrong  
                                                     1-P-value is not probability, that H0 is true 
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p-value for discovery 

G. Cowan  Statistical methods for HEP / Freiburg 27-29 June 2011 / Lecture 2 

Large q0 means increasing incompatibility between the data 
and hypothesis, therefore p-value for an observed q0,obs is 

will get formula for this later 

From p-value get  
equivalent significance, 

Test statistic: q0                  
PDF for q0 under H0: f(q0|0)  
Critical region: large values of q0      
 q0,obs: observed value in data  
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p-value for discovery 

G. Cowan  Statistical methods for HEP / Freiburg 27-29 June 2011 / Lecture 2 

Large q0 means increasing incompatibility between the data 
and hypothesis, therefore p-value for an observed q0,obs is 

will get formula for this later 

From p-value get  
equivalent significance, 
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Abbildung 4.1:

Dazu ist die Annahme einer a-priori-Wahrscheinlichkeit p(H0) für die Hypothese notwen-
dig. (Völlig falsch ist es, wie man es gelegentlich findet, die Wahrscheinlichkeitsdichte
g(t|H0) einfach herumzudrehen und als g(H0|t) zu schreiben.)

Wenn man bei der Häufigkeitsinterpretation der Wahrscheinlichkeit bleibt, dann ist das
Ergebnis des Test einer Hypothese also ein bestimmter P-Wert. Ist er sehr klein, so wird
man die Hypothese verwerfen mit der Aussage, dass die Daten nur mit der vom P-Wert
angegebenen Wahrscheinlichkeit mit der Hypothese verträglich sind. Man findet auch den
Sprachgebrauch, dass die Hypothese mit einem Konfidenzniveau von (1−P-Wert) aus-
geschlossen wird. Wie klein der P-Wert sein muss damit die Hypothese verworfen wird,
bleibt der (subjektiven) Einschätzung des Analysators vorbehalten.

4.2.1 Chiquadrat

Eine sehr häufig verwendete Teststatistik ist das in Abschnitt 2.2.5 eingeführte χ2. Wir
nehmen an, dass N Meßwerte y⃗ = {y1, ..., yN} gegeben sind. Die Nullhypothese ist, dass
diese Werte aus N unabhängigen Gaußverteilungen mit Mittelwerten µi und Varianzen
σ2

i stammen (die Verallgemeinerung auf abhängige Variablen ist einfach). Unter dieser
Hypothese folgt die Teststatistik

χ2(y⃗) =
N∑

i=1

(yi − µi)2

σ2
i

. (4.3)

t=0 for perfect agreement between data and H0 
 
left: one-sided P-vlaue      right two-sided P-value  



24 

Expected (or median) significance / sensitivity 

When planning the experiment, we want to quantify how sensitive 
we are to a potential discovery, e.g., by given median significance 
assuming some nonzero strength parameter µ ′. 

G. Cowan  Statistical methods for HEP / Freiburg 27-29 June 2011 / Lecture 2 

So for p-value, need f(q0|0), for sensitivity, will need f(q0|µ ′),  

Often interested in sensitivity of experiment:  
evaluate p-value under null hypothesis (µ)  
from median value of test statistic under alternative hypothesis (µ’) 

Expected P-Value / Sensitivity  



An Example:  Test for Mean Value of Gaussian PDF 

Null Hypothesis: mean value λ=λ0        Data set of size  n (for illustration =2): x1,x2, …  
 
Test statistic: maximum likelihood estimate 
                     =  arithmetic mean  
 
                     with PDF given by Gauss  
                     with mean λ0  und Variance σ2/n 

Choice of 4 different critical regions with same significance α
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Der beste Test einer einfachen Hypothese H0 bezüglich der einfachen Alternativhy-
pothese wird durch die Forderung

M(Sc,λ1) = 1−β = max (8.4.12)

definiert. Manchmal existiert ein gleichmäßig bester Test, für den dann die Forderung
(8.4.12) bezüglich aller möglichen Alternativhypothesen gilt.

Ein Test ist unverzerrt, wenn seine Mächtigkeit für jede Alternativhypothese grö-
ßer oder gleich α ist,

M(Sc,λ1)≥ α . (8.4.13)

Diese Definition ist sinnvoll, weil die Wahrscheinlichkeit, die Nullhypothese zu ver-
werfen, dann am kleinsten wird, wenn die Nullhypothese wahr ist. Ein unverzerrter
bester Test ist der beste unter allen unverzerrten Tests. Entsprechend kann man unver-
zerrte gleichmäßig beste Tests definieren. In den nächsten Abschnitten werden wir
Vorschriften kennenlernen, die es manchmal gestatten, Tests mit solch wünschens-
werten Eigenschaften zu konstruieren. Bevor wir uns dieser Aufgabe zuwenden, wol-
len wir aber die gerade getroffenen Definitionen an einem Beispiel verdeutlichen.

Beispiel 8.3: Test der Hypothese, daß eine Normalverteilung
vorgegebener Varianz σ 2 den Mittelwert λ= λ0 besitzt

Die Hypothese H0(λ= λ0) soll geprüft werden. Als Testgröße benutzen wir das arith-
metische Mittel  x = 1

n (x1 + x2 + ·· ·+ xn). (Wir werden im Beispiel 8.4 feststellen,
daß dies die für unsere Zwecke geeignetste Testgröße ist.) Aus Abschnitt 6.2 wis-
sen wir, daß  x mit Mittelwert λ und Varianz σ 2/n normalverteilt ist, d. h. daß die
Wahrscheinlichkeitsdichte von  x für den Fall λ= λ0 durch

f (  x ;λ0) =
√
n

√
2πσ

exp
(
−

n
2σ 2 (  x−λ0)2

)
(8.4.14)

gegeben ist. Sie ist im Bild 8.4 zusammen mit 4 verschiedenen kritischen Regionen
gezeichnet, die dem gleichen Signifikanzniveau α entsprechen.

Es sind dies die Regionen

U1 :  x < λI und  x > λII mit
∫ λI

−∞ f (  x)d  x =
∫∞
λII f (  x)d  x = 1

2α ;
U2 :  x > λIII mit

∫∞
λIII f (  x)d  x = α ;

U3 :  x < λIV mit
∫ λIV

−∞ f (  x)d  x = α ;
U4 : λV ≤  x < λVI mit

∫ λ0
λV f (  x)d  x =

∫ λVI

λ0
f (  x)d  x = 1

2α .

Um die Gütefunktion zu jeder dieser Regionen zu erhalten, müssen wir den Mittel-
wert λ variieren. Die Wahrscheinlichkeitsdichte von  x für einen beliebigen Wert von
λ ist analog zu (8.4.14) durch

f (  x ;λ) =
√
n

√
2πσ

exp
[
−

n
2σ 2 (  x−λ)2

]
(8.4.15)
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two sided in tails 

one-sided in upper tail 

one-sided in lower tail 

two-sided in center 



Rows: 4 critical regions

Left column:  critical region for n=2 
                      in data set space 

Middle column: PDF for test statistics 
for H0 and H1   with critical regions

Right column: power for n=2 and n=10 
                       depending on λ1-λ 0  
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Bild8.4:Kritische Region im Raum E (a), kritische Region der Testfunktion (b) und Gütefunktion
(c) des Tests aus Beispiel 8.3.

gegeben. Die gestrichelte Kurve in Bild 8.4b stellt die Wahrscheinlichkeitsdichte für
λ= λ1 = λ0 +1 dar. Die Gütefunktion (8.4.9) ist nun einfach

P( x ∈U |λ) =
∫

U
f (  x ;λ)d  x . (8.4.16)
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gegeben. Die gestrichelte Kurve in Bild 8.4b stellt die Wahrscheinlichkeitsdichte für
λ= λ1 = λ0 +1 dar. Die Gütefunktion (8.4.9) ist nun einfach

P( x ∈U |λ) =
∫

U
f (  x ;λ)d  x . (8.4.16)

An Example:  Test for Mean Value of Gaussian PDF 

two sided in tails 
one-sided in upper tail 
one-sided in lower tail 
two-sided in center 
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Der beste Test einer einfachen Hypothese H0 bezüglich der einfachen Alternativhy-
pothese wird durch die Forderung

M(Sc,λ1) = 1−β = max (8.4.12)

definiert. Manchmal existiert ein gleichmäßig bester Test, für den dann die Forderung
(8.4.12) bezüglich aller möglichen Alternativhypothesen gilt.

Ein Test ist unverzerrt, wenn seine Mächtigkeit für jede Alternativhypothese grö-
ßer oder gleich α ist,

M(Sc,λ1)≥ α . (8.4.13)

Diese Definition ist sinnvoll, weil die Wahrscheinlichkeit, die Nullhypothese zu ver-
werfen, dann am kleinsten wird, wenn die Nullhypothese wahr ist. Ein unverzerrter
bester Test ist der beste unter allen unverzerrten Tests. Entsprechend kann man unver-
zerrte gleichmäßig beste Tests definieren. In den nächsten Abschnitten werden wir
Vorschriften kennenlernen, die es manchmal gestatten, Tests mit solch wünschens-
werten Eigenschaften zu konstruieren. Bevor wir uns dieser Aufgabe zuwenden, wol-
len wir aber die gerade getroffenen Definitionen an einem Beispiel verdeutlichen.

Beispiel 8.3: Test der Hypothese, daß eine Normalverteilung
vorgegebener Varianz σ 2 den Mittelwert λ= λ0 besitzt

Die Hypothese H0(λ= λ0) soll geprüft werden. Als Testgröße benutzen wir das arith-
metische Mittel  x = 1

n (x1 + x2 + ·· ·+ xn). (Wir werden im Beispiel 8.4 feststellen,
daß dies die für unsere Zwecke geeignetste Testgröße ist.) Aus Abschnitt 6.2 wis-
sen wir, daß  x mit Mittelwert λ und Varianz σ 2/n normalverteilt ist, d. h. daß die
Wahrscheinlichkeitsdichte von  x für den Fall λ= λ0 durch

f (  x ;λ0) =
√
n

√
2πσ

exp
(
−

n
2σ 2 (  x−λ0)2

)
(8.4.14)

gegeben ist. Sie ist im Bild 8.4 zusammen mit 4 verschiedenen kritischen Regionen
gezeichnet, die dem gleichen Signifikanzniveau α entsprechen.

Es sind dies die Regionen

U1 :  x < λI und  x > λII mit
∫ λI

−∞ f (  x)d  x =
∫∞
λII f (  x)d  x = 1

2α ;
U2 :  x > λIII mit

∫∞
λIII f (  x)d  x = α ;

U3 :  x < λIV mit
∫ λIV

−∞ f (  x)d  x = α ;
U4 : λV ≤  x < λVI mit

∫ λ0
λV f (  x)d  x =

∫ λVI

λ0
f (  x)d  x = 1

2α .

Um die Gütefunktion zu jeder dieser Regionen zu erhalten, müssen wir den Mittel-
wert λ variieren. Die Wahrscheinlichkeitsdichte von  x für einen beliebigen Wert von
λ ist analog zu (8.4.14) durch

f (  x ;λ) =
√
n

√
2πσ

exp
[
−

n
2σ 2 (  x−λ)2

]
(8.4.15)



U1 power ≥ significance for all λ
two sided test from ratio 
of profiled likelihoods  
for H1: λ = λ1 ≠ λ 0 
 
U2: larger power for  λ1>λ0 
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U3: larger power for  λ1<λ0 
one sided test from NPL 
for H1: λ = λ1 <  λ 0 
 
 
U4: no useful test 
      maximal power  for λ1=λ0 

184 8 Prüfung statistischer Hypothesen (Tests)

x 1

x 2

x 1

x 2

x 1

x 2

x 2

1x

n = 2

= 10n

−
0x−λ

−
0x−λ

−
0x−λ

−
0x−λ

-2

1

-2

-3 -2 -1 0 1 2

0.2

0.4

0.6

0.8

1

0.8

0.6

0.4

0.2

-3 -2 0 1 2 3

-3 -2 -1 0 1 2 3

0.2

0.4

0.6

0.8

1

-1

3

1

-3 -2 -1 0 1 2 3

0.2

0.4

0.6

0.8

1

-3 -2 -1 0 1 2 3

-3 -2 -1 0 1 2 3

-3 -2 -1 0 1 2 3

-3 -1 0 1 2 3-2-3

-1
-1-2-3 1 2 3

1

2

3

-3

-2

-1
-1-2-3 1 2 3

1

2

3

-3

-2

-1
-1-3 1 2 3

2

3

-3

-2

-1
-1-2-3

3

2

1

1 2 3

λ

λ

IV

λ λ

λ

λI II

V VI

λ
1λ

0f(x;    )−
f(x;    )−

λ  −λ1 0

λ  −λ1 0

λ  −λ1 0

λ  −λ1 0

(a 1) (b 1)

(a 2) (b 2)

(c 1)

(c 2)

(c 3)

(c 4)

(b 3)

(b 4)

(a 3)

(a 4)

III

Bild8.4:Kritische Region im Raum E (a), kritische Region der Testfunktion (b) und Gütefunktion
(c) des Tests aus Beispiel 8.3.

gegeben. Die gestrichelte Kurve in Bild 8.4b stellt die Wahrscheinlichkeitsdichte für
λ= λ1 = λ0 +1 dar. Die Gütefunktion (8.4.9) ist nun einfach

P( x ∈U |λ) =
∫

U
f (  x ;λ)d  x . (8.4.16)

An Example: Test for Mean Value of Gauss PDF 

S. Brandt 
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θ̂ vorhersagen. Auf der rechten Seite von Abb. 8.1 ist diese Verteilung beispielhaft für den
ML-Schätzer θ̂ des Mittelwerts einer Exponentialverteilung für vier verschiedene wahre
Werte θ des Mittelwerts dargestellt (siehe Abschnitt 6.4.2, Gl. 6.62; um der allgemeinen
Nomenklatur zu folgen, wird τ hier durch θ ersetzt). Als Stichprobenumfang wurde hier
n = 20 gewählt, so dass die Verteilungen deutlich von der Gaußverteilung abweichen. In
jeder dieser Verteilungen g(θ̂; θ) kann nun zu jedem α,β mit 0 ≤ α,β ≤ 1 ein Intervall
[lβ , uα] so bestimmt werden, dass die Wahrscheinlichkeit, einen Schätzwert θ̂ kleiner als lβ
zu erhalten gerade β ist und die Wahrscheinlichkeit, einen Schätzwert θ̂ größer als uα zu
erhalten gerade α ist:

α = P (θ̂ ≥ uα(θ)) =
∫ ∞

uα(θ)
g(θ̂; θ)dθ̂ = 1 − G(uα(θ); θ) (8.2)

und

β = P (θ̂ ≤ lβ(θ)) =
∫ lβ(θ)

−∞
g(θ̂; θ)dθ̂ = G(lβ(θ); θ) (8.3)

G ist hierbei die kumulative Verteilungsfunktion zu g(θ̂; θ). Der Wert von lβ bzw. uα hängt
natürlich vom wahren Wert θ ab, so dass lβ(θ) und uα(θ) als Funktion von θ geschrieben
werden. Auf der linken Seite von Abb. 8.1 sind lβ(θ) und uα(θ) dargestellt. Nach Konstrul-
tion ist für jeden beliebigen wahren Wert θ die Wahrscheinlichkeit, dass der Schätzwert θ̂
in dem Band zwischen lβ und uα (dem sogenannten Konfidenzband) liegt

P (lβ(θ) ≤ θ̂ ≤ uα(θ)) = 1 − α − β (8.4)

Unter der (in aller Regel gerechtfertigten) Annahme, dass lβ(θ) und uα(θ) monoton stei-
gende Funktionen sind existieren Umkehrabbildungen

a(θ̂) ≡ u−1
α (θ̂) (8.5)

b(θ̂) ≡ l−1
β (θ̂). (8.6)

Damit gelten die Äquivalenzen

θ̂ ≥ uα(θ) ⇔ a(θ̂) ≥ θ (8.7)
θ̂ ≤ lβ(θ) ⇔ b(θ̂) ≤ θ, (8.8)

und zwar für jedes θ. Egal welches θ das wahre ist, gilt also immer

P (a(θ̂) ≥ θ) = α (8.9)
P (b(θ̂) ≤ θ) = β (8.10)

oder äquivalent

P (a(θ̂) ≤ θ ≤ b(θ̂)) = 1 − α − β. (8.11)

Man beachte, dass dies immer noch eine Wahrscheinlichkeitsaussage über θ̂ bzw. a(θ̂)
und b(θ̂) ist. Für jeden gegebenen Wert von θ sind die Schätzwerte θ̂ so verteilt und die
Funktionen a und b so konstruiert, dass diese Wahrscheinlichkeitsaussage gilt. Sie gilt also
insbesondere für den unbekannten wahren Wert von θ. Dies ist der Kern des Verfahrens. Bei
Wiederholung der Messung ist die Wahrscheinlichkeit, dass das aus der Messung abgeleite-
te Intervall [a(θ̂), b(θ̂)] den wahren Wert enthält, gerade 1−α−β. Das bedeutet natürlich
auch, dass man in einem Bruchteil α+β der Messungen ein Intervall herausbekommt, das
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θ̂ vorhersagen. Auf der rechten Seite von Abb. 8.1 ist diese Verteilung beispielhaft für den
ML-Schätzer θ̂ des Mittelwerts einer Exponentialverteilung für vier verschiedene wahre
Werte θ des Mittelwerts dargestellt (siehe Abschnitt 6.4.2, Gl. 6.62; um der allgemeinen
Nomenklatur zu folgen, wird τ hier durch θ ersetzt). Als Stichprobenumfang wurde hier
n = 20 gewählt, so dass die Verteilungen deutlich von der Gaußverteilung abweichen. In
jeder dieser Verteilungen g(θ̂; θ) kann nun zu jedem α,β mit 0 ≤ α,β ≤ 1 ein Intervall
[lβ , uα] so bestimmt werden, dass die Wahrscheinlichkeit, einen Schätzwert θ̂ kleiner als lβ
zu erhalten gerade β ist und die Wahrscheinlichkeit, einen Schätzwert θ̂ größer als uα zu
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P (lβ(θ) ≤ θ̂ ≤ uα(θ)) = 1 − α − β (8.4)
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gende Funktionen sind existieren Umkehrabbildungen

a(θ̂) ≡ u−1
α (θ̂) (8.5)

b(θ̂) ≡ l−1
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Damit gelten die Äquivalenzen

θ̂ ≥ uα(θ) ⇔ a(θ̂) ≥ θ (8.7)
θ̂ ≤ lβ(θ) ⇔ b(θ̂) ≤ θ, (8.8)

und zwar für jedes θ. Egal welches θ das wahre ist, gilt also immer

P (a(θ̂) ≥ θ) = α (8.9)
P (b(θ̂) ≤ θ) = β (8.10)

oder äquivalent

P (a(θ̂) ≤ θ ≤ b(θ̂)) = 1 − α − β. (8.11)

Man beachte, dass dies immer noch eine Wahrscheinlichkeitsaussage über θ̂ bzw. a(θ̂)
und b(θ̂) ist. Für jeden gegebenen Wert von θ sind die Schätzwerte θ̂ so verteilt und die
Funktionen a und b so konstruiert, dass diese Wahrscheinlichkeitsaussage gilt. Sie gilt also
insbesondere für den unbekannten wahren Wert von θ. Dies ist der Kern des Verfahrens. Bei
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For all possible true values θ holds: 
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Classical Frequentist Intervals 



The Confidence belt is the acceptance  
region of all possible hypothesis tests. 

CI from Inversion of Hypothesis Test 

CI for a parameter θ  :   
find all true hypothetical values θ  which  
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den wahren Wert nicht enthäht. Das Intervall [a(θ̂), b(θ̂)] heißt Konfidenzintervall und
1 − α − β ist die Überdeckungswahrscheinlichkeit (engl. coverage probability) bzw.
das Konfidenzniveau (engl. confidence level) des Intervalls. Auf der linken Seite von
Abb. 8.1 ist für einen gegebenen beobachteten Schätzwert θ̂obs das Konfidenzintervall mit
Konfidenzniveau 1 − α − β eingezeichnet.

Man beachte, dass durch Angabe eines Konfidenzniveaus 1−γ das Intervall nicht eindeutig
bestimmt ist, denn es bleibt offen wir γ auf α und β verteilt wird. Sehr oft wird α = β = γ/2
gewählt, wodurch das sogenannte zentrale Konfidenzintervall entsteht.

Nach dem gleichen Verfahren können auch Grenzwerte bestimmt werden. Wegen

P (a(θ̂) ≥ θ) = α (8.12)
⇔ P (a(θ̂) ≤ θ) = 1 − α (8.13)

ist a(θ̂) ein unterer Grenzwert für θ, wobei diese Aussage im oben diskutierten Sinne mit
einer Wahrscheinlichkeit von 1−α richtig ist. Auch hier spricht man vom Konfidenzniveau
1 − α des Grenzwerts. Analog ist b(θ̂) ein oberer Grenzwert für θ mit Konfidenzniveau
1 − β.

Hat man in einer Messung einen Schätzwert θ̂obs beobachtet, so kann man den unteren
Grenzwert a(θ̂obs) auch als denjenigen hypothetischen wahren Wert von θ ansehen, für
den die Wahrscheinlichkeit bei wiederholten Messungen einen Schätzwert θ̂ ≥ θ̂obs zu
erhalten, gerade α ist (siehe Abb. 8.1). Die Konstruktion des unteren Grenzwerts kann
man sich also auch so vorstellen, dass man den Grenzwert solange verringert, bis die
Wahrscheinlichkeit, einen Schätzwert θ̂ gleich oder grösser als den beobachteten zu finden,
nur noch α ist. Ist der wahre Wert von θ tatsächlich noch kleiner als das so bestimmte a,
so war unsere Messung eine statistische Fluktuation zu großen Werten von θ̂, die nur mit
einer Wahrscheinlichkeit von α vorkommt. In Formeln gefasst bedeutet dies

α =
∫ ∞

θ̂obs

g(θ̂; a)dθ̂ = 1 − G(θ̂obs; a), (8.14)

was man formal aus Gl. 8.2 erhält, indem man θ = a wählt. Aus dieser Formel kann man
ebenfalls α bestimmen. Für die obere Schranke gilt natürlich analoges, insbesondere

β =
∫ θ̂obs

−∞
g(θ̂; b)dθ̂ = G(θ̂obs; b). (8.15)

8.3 Spezialfall Gaußverteilter Schätzer

Ein wichtiger Spezialfall sind gaußverteilte Schätzer, da ML-Schätzer oder generell al-
le Schätzer, die sich als lineare Summe der Meßwerte schreiben lassen (zentraler Grenz-
wertsatz), zumindest asymptotisch (für großen Stichprobenumfang) gaußverteilt sind. Wir
nehmen also jetzt an, dass

g(θ̂; θ) =
1√
2πσ2

θ̂

exp

(
−(θ̂ − θ)2

2σ2
θ̂

)
. (8.16)

Wir nehmen zunächst an, dass die Standardabweichung σθ̂ bekannt ist und nicht von θ
abhängt. Dann ist schon anschaulich klar, dass sich die Konstruktion des Konfidenzinter-
valls sehr vereinfachen wird. Nehmen wir das zentrale Konfidenzintervall mit Konfidenzni-
veau 68.3%. Dieser Prozentsatz der Schätzwerte θ̂ liegen in dem 1σ-Intervall [θ−σθ̂, θ+σθ̂]
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α =
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was man formal aus Gl. 8.2 erhält, indem man θ = a wählt. Aus dieser Formel kann man
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nehmen also jetzt an, dass
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Wir nehmen zunächst an, dass die Standardabweichung σθ̂ bekannt ist und nicht von θ
abhängt. Dann ist schon anschaulich klar, dass sich die Konstruktion des Konfidenzinter-
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veau 68.3%. Dieser Prozentsatz der Schätzwerte θ̂ liegen in dem 1σ-Intervall [θ−σθ̂, θ+σθ̂]
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um den wahren Wert θ. Aufgrund der Symmetrie der Gaußverteilung liegt dann aber auch
für 68.3% der Schätzwerte θ̂ der wahre Wert θ in dem Intervall [θ̂ − σθ̂, θ̂ + σθ̂] um den
jeweiligen Schätzwert, welches also das gesuchte Konfidenzintervall ist. Man bekommt es
also einfach, indem man das zum gewünschten Konfidenzniveau gehörende Intervall der
Gaußverteilung um den aus der Messung ermittelten Schätzwert legt. Dies ist der Grund,
warum wir üblicherweise (die Gaußverteilung implizit annehmend) das Ergebnis einer
Messung als

θ = θ̂obs ± σ̂θ̂ (8.17)

angeben.

Etwas formaler wird der Fall gaußverteilter Schätzer wie folgt behandelt. Die kumulative
Verteilung ist

G(θ̂; θ,σθ̂) =
∫ θ̂

−∞

1√
2πσ2

θ̂

exp

(
−(θ̂′ − θ)2

2σ2
θ̂

)
dθ̂′ = Φ

(
θ̂ − θ

σθ̂

)
. (8.18)

Wieder unter der Annahme, dass die Standardabweichung σθ̂ bekannt ist und in einer
Messung der Schätzwert θ̂obs beobachtet wurde, bestimmt sich das Konfidenzintervall nach
Gln. 8.14 und 8.15 zu

α = 1 − G(θ̂obs; a,σθ̂) = 1 − Φ

(
θ̂obs − a

σθ̂

)
(8.19)

β = G(θ̂obs; b,σθ̂) = Φ

(
θ̂obs − b

σθ̂

)
, (8.20)

wobei Φ(x) die in Gl. 2.53 definierte kumulative Gaußverteilung ist. Somit ist (unter
Verwendung der Beziehung Φ−1(β) = −Φ−1(1 − β)

a = θ̂obs − σθ̂Φ
−1(1 − α) (8.21)

b = θ̂obs + σθ̂Φ
−1(1 − β). (8.22)

Φ−1(y) ist die Umkehrabbildung von Φ(x) und mithin das Quantil der Normalverteilung
zu y. Wie oben bereits gesagt wurde, ergibt sich das Konfidenzintervall also einfach da-
durch, dass man vom beobachteten Schätzwert θ̂obs aus soviele Standardabweichungen σθ̂
einschließt, wie es dem gewünschten Konfidenzintervall entspricht. Gleiches gilt für die
Bestimmung einer unteren oder oberen Schranke.

Da die Gaußverteilung so häufig vorkommt, werden Konfidenzintervalle oft für ganzzahlige
gauß’sche Standardabweichungen angegeben, z.B. das 1σ-Intervall mit Konfidenzniveau
68.3%. Die Tabellen 8.1 und 8.2 geben die wichtigsten Werte an. Abb. 8.2 illustriert deren
Bedeutung.

8.4 Spezialfall Poissonverteilter Schätzer

Ein weiterer wichtiger Spezialfall sind poissonverteilte Schätzer. Wir nehmen an, dass die
Ergebnisse n eines Zählexperiments poissonverteilt sind

f(n;λ) =
λn

n!
exp(−λ). (8.23)
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Abbildung 8.2: Beziehung zwischen Konfidenzniveau und zentralem (a) und einseitigem
(b) Konfidenzintervall.

Konfidenzniveaus für Intervalle
zentrale einseitige

Φ−1(1 − γ/2) 1 − γ Φ−1(1 − α) 1 − α

1 0.6827 1 0.8413
2 0.9544 2 0.9772
3 0.9973 3 0.9987
4 1 − 6.3 × 10−5

5 1 − 5.7 × 10−7

6 1 − 2.0 × 10−9

Tabelle 8.1: Konfidenzniveaus für zentrale und einseitige Intervalle.

Quantile für Intervalle
zentrale einseitige

1 − γ Φ−1(1 − γ/2) 1 − α Φ−1(1 − α)
0.90 1.645 0.90 1.282
0.95 1.960 0.95 1.645
0.99 2.576 0.99 2.326
0.999 3.29
0.9999 3.89

Tabelle 8.2: Quantile Φ−1 für zentrale und einseitige Intervalle.

Two sided                   One sided 

Very simple if variance known and constant: 
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den wahren Wert nicht enthäht. Das Intervall [a(θ̂), b(θ̂)] heißt Konfidenzintervall und
1 − α − β ist die Überdeckungswahrscheinlichkeit (engl. coverage probability) bzw.
das Konfidenzniveau (engl. confidence level) des Intervalls. Auf der linken Seite von
Abb. 8.1 ist für einen gegebenen beobachteten Schätzwert θ̂obs das Konfidenzintervall mit
Konfidenzniveau 1 − α − β eingezeichnet.

Man beachte, dass durch Angabe eines Konfidenzniveaus 1−γ das Intervall nicht eindeutig
bestimmt ist, denn es bleibt offen wir γ auf α und β verteilt wird. Sehr oft wird α = β = γ/2
gewählt, wodurch das sogenannte zentrale Konfidenzintervall entsteht.

Nach dem gleichen Verfahren können auch Grenzwerte bestimmt werden. Wegen

P (a(θ̂) ≥ θ) = α (8.12)
⇔ P (a(θ̂) ≤ θ) = 1 − α (8.13)

ist a(θ̂) ein unterer Grenzwert für θ, wobei diese Aussage im oben diskutierten Sinne mit
einer Wahrscheinlichkeit von 1−α richtig ist. Auch hier spricht man vom Konfidenzniveau
1 − α des Grenzwerts. Analog ist b(θ̂) ein oberer Grenzwert für θ mit Konfidenzniveau
1 − β.

Hat man in einer Messung einen Schätzwert θ̂obs beobachtet, so kann man den unteren
Grenzwert a(θ̂obs) auch als denjenigen hypothetischen wahren Wert von θ ansehen, für
den die Wahrscheinlichkeit bei wiederholten Messungen einen Schätzwert θ̂ ≥ θ̂obs zu
erhalten, gerade α ist (siehe Abb. 8.1). Die Konstruktion des unteren Grenzwerts kann
man sich also auch so vorstellen, dass man den Grenzwert solange verringert, bis die
Wahrscheinlichkeit, einen Schätzwert θ̂ gleich oder grösser als den beobachteten zu finden,
nur noch α ist. Ist der wahre Wert von θ tatsächlich noch kleiner als das so bestimmte a,
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einer Wahrscheinlichkeit von α vorkommt. In Formeln gefasst bedeutet dies

α =
∫ ∞

θ̂obs

g(θ̂; a)dθ̂ = 1 − G(θ̂obs; a), (8.14)

was man formal aus Gl. 8.2 erhält, indem man θ = a wählt. Aus dieser Formel kann man
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le Schätzer, die sich als lineare Summe der Meßwerte schreiben lassen (zentraler Grenz-
wertsatz), zumindest asymptotisch (für großen Stichprobenumfang) gaußverteilt sind. Wir
nehmen also jetzt an, dass
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Wir nehmen zunächst an, dass die Standardabweichung σθ̂ bekannt ist und nicht von θ
abhängt. Dann ist schon anschaulich klar, dass sich die Konstruktion des Konfidenzinter-
valls sehr vereinfachen wird. Nehmen wir das zentrale Konfidenzintervall mit Konfidenzni-
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Grenzwert a(θ̂obs) auch als denjenigen hypothetischen wahren Wert von θ ansehen, für
den die Wahrscheinlichkeit bei wiederholten Messungen einen Schätzwert θ̂ ≥ θ̂obs zu
erhalten, gerade α ist (siehe Abb. 8.1). Die Konstruktion des unteren Grenzwerts kann
man sich also auch so vorstellen, dass man den Grenzwert solange verringert, bis die
Wahrscheinlichkeit, einen Schätzwert θ̂ gleich oder grösser als den beobachteten zu finden,
nur noch α ist. Ist der wahre Wert von θ tatsächlich noch kleiner als das so bestimmte a,
so war unsere Messung eine statistische Fluktuation zu großen Werten von θ̂, die nur mit
einer Wahrscheinlichkeit von α vorkommt. In Formeln gefasst bedeutet dies

α =
∫ ∞

θ̂obs

g(θ̂; a)dθ̂ = 1 − G(θ̂obs; a), (8.14)

was man formal aus Gl. 8.2 erhält, indem man θ = a wählt. Aus dieser Formel kann man
ebenfalls α bestimmen. Für die obere Schranke gilt natürlich analoges, insbesondere

β =
∫ θ̂obs

−∞
g(θ̂; b)dθ̂ = G(θ̂obs; b). (8.15)

8.3 Spezialfall Gaußverteilter Schätzer

Ein wichtiger Spezialfall sind gaußverteilte Schätzer, da ML-Schätzer oder generell al-
le Schätzer, die sich als lineare Summe der Meßwerte schreiben lassen (zentraler Grenz-
wertsatz), zumindest asymptotisch (für großen Stichprobenumfang) gaußverteilt sind. Wir
nehmen also jetzt an, dass

g(θ̂; θ) =
1√
2πσ2

θ̂

exp

(
−(θ̂ − θ)2

2σ2
θ̂

)
. (8.16)

Wir nehmen zunächst an, dass die Standardabweichung σθ̂ bekannt ist und nicht von θ
abhängt. Dann ist schon anschaulich klar, dass sich die Konstruktion des Konfidenzinter-
valls sehr vereinfachen wird. Nehmen wir das zentrale Konfidenzintervall mit Konfidenzni-
veau 68.3%. Dieser Prozentsatz der Schätzwerte θ̂ liegen in dem 1σ-Intervall [θ−σθ̂, θ+σθ̂]
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um den wahren Wert θ. Aufgrund der Symmetrie der Gaußverteilung liegt dann aber auch
für 68.3% der Schätzwerte θ̂ der wahre Wert θ in dem Intervall [θ̂ − σθ̂, θ̂ + σθ̂] um den
jeweiligen Schätzwert, welches also das gesuchte Konfidenzintervall ist. Man bekommt es
also einfach, indem man das zum gewünschten Konfidenzniveau gehörende Intervall der
Gaußverteilung um den aus der Messung ermittelten Schätzwert legt. Dies ist der Grund,
warum wir üblicherweise (die Gaußverteilung implizit annehmend) das Ergebnis einer
Messung als

θ = θ̂obs ± σ̂θ̂ (8.17)

angeben.

Etwas formaler wird der Fall gaußverteilter Schätzer wie folgt behandelt. Die kumulative
Verteilung ist

G(θ̂; θ,σθ̂) =
∫ θ̂

−∞

1√
2πσ2

θ̂

exp

(
−(θ̂′ − θ)2

2σ2
θ̂

)
dθ̂′ = Φ

(
θ̂ − θ

σθ̂

)
. (8.18)

Wieder unter der Annahme, dass die Standardabweichung σθ̂ bekannt ist und in einer
Messung der Schätzwert θ̂obs beobachtet wurde, bestimmt sich das Konfidenzintervall nach
Gln. 8.14 und 8.15 zu

α = 1 − G(θ̂obs; a,σθ̂) = 1 − Φ

(
θ̂obs − a

σθ̂

)
(8.19)

β = G(θ̂obs; b,σθ̂) = Φ

(
θ̂obs − b

σθ̂

)
, (8.20)

wobei Φ(x) die in Gl. 2.53 definierte kumulative Gaußverteilung ist. Somit ist (unter
Verwendung der Beziehung Φ−1(β) = −Φ−1(1 − β)

a = θ̂obs − σθ̂Φ
−1(1 − α) (8.21)

b = θ̂obs + σθ̂Φ
−1(1 − β). (8.22)

Φ−1(y) ist die Umkehrabbildung von Φ(x) und mithin das Quantil der Normalverteilung
zu y. Wie oben bereits gesagt wurde, ergibt sich das Konfidenzintervall also einfach da-
durch, dass man vom beobachteten Schätzwert θ̂obs aus soviele Standardabweichungen σθ̂
einschließt, wie es dem gewünschten Konfidenzintervall entspricht. Gleiches gilt für die
Bestimmung einer unteren oder oberen Schranke.

Da die Gaußverteilung so häufig vorkommt, werden Konfidenzintervalle oft für ganzzahlige
gauß’sche Standardabweichungen angegeben, z.B. das 1σ-Intervall mit Konfidenzniveau
68.3%. Die Tabellen 8.1 und 8.2 geben die wichtigsten Werte an. Abb. 8.2 illustriert deren
Bedeutung.

8.4 Spezialfall Poissonverteilter Schätzer

Ein weiterer wichtiger Spezialfall sind poissonverteilte Schätzer. Wir nehmen an, dass die
Ergebnisse n eines Zählexperiments poissonverteilt sind

f(n;λ) =
λn

n!
exp(−λ). (8.23)
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Abbildung 8.2: Beziehung zwischen Konfidenzniveau und zentralem (a) und einseitigem
(b) Konfidenzintervall.

Konfidenzniveaus für Intervalle
zentrale einseitige

Φ−1(1 − γ/2) 1 − γ Φ−1(1 − α) 1 − α

1 0.6827 1 0.8413
2 0.9544 2 0.9772
3 0.9973 3 0.9987
4 1 − 6.3 × 10−5

5 1 − 5.7 × 10−7

6 1 − 2.0 × 10−9

Tabelle 8.1: Konfidenzniveaus für zentrale und einseitige Intervalle.

Quantile für Intervalle
zentrale einseitige

1 − γ Φ−1(1 − γ/2) 1 − α Φ−1(1 − α)
0.90 1.645 0.90 1.282
0.95 1.960 0.95 1.645
0.99 2.576 0.99 2.326
0.999 3.29
0.9999 3.89

Tabelle 8.2: Quantile Φ−1 für zentrale und einseitige Intervalle.

Two sided                   One sided 

Very simple if variance known and constant: 
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um den wahren Wert θ. Aufgrund der Symmetrie der Gaußverteilung liegt dann aber auch
für 68.3% der Schätzwerte θ̂ der wahre Wert θ in dem Intervall [θ̂ − σθ̂, θ̂ + σθ̂] um den
jeweiligen Schätzwert, welches also das gesuchte Konfidenzintervall ist. Man bekommt es
also einfach, indem man das zum gewünschten Konfidenzniveau gehörende Intervall der
Gaußverteilung um den aus der Messung ermittelten Schätzwert legt. Dies ist der Grund,
warum wir üblicherweise (die Gaußverteilung implizit annehmend) das Ergebnis einer
Messung als

θ = θ̂obs ± σ̂θ̂ (8.17)

angeben.

Etwas formaler wird der Fall gaußverteilter Schätzer wie folgt behandelt. Die kumulative
Verteilung ist
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2πσ2

θ̂

exp

(
−(θ̂′ − θ)2

2σ2
θ̂

)
dθ̂′ = Φ

(
θ̂ − θ

σθ̂

)
. (8.18)

Wieder unter der Annahme, dass die Standardabweichung σθ̂ bekannt ist und in einer
Messung der Schätzwert θ̂obs beobachtet wurde, bestimmt sich das Konfidenzintervall nach
Gln. 8.14 und 8.15 zu

α = 1 − G(θ̂obs; a,σθ̂) = 1 − Φ

(
θ̂obs − a

σθ̂

)
(8.19)

β = G(θ̂obs; b,σθ̂) = Φ

(
θ̂obs − b

σθ̂

)
, (8.20)

wobei Φ(x) die in Gl. 2.53 definierte kumulative Gaußverteilung ist. Somit ist (unter
Verwendung der Beziehung Φ−1(β) = −Φ−1(1 − β)

a = θ̂obs − σθ̂Φ
−1(1 − α) (8.21)

b = θ̂obs + σθ̂Φ
−1(1 − β). (8.22)

Φ−1(y) ist die Umkehrabbildung von Φ(x) und mithin das Quantil der Normalverteilung
zu y. Wie oben bereits gesagt wurde, ergibt sich das Konfidenzintervall also einfach da-
durch, dass man vom beobachteten Schätzwert θ̂obs aus soviele Standardabweichungen σθ̂
einschließt, wie es dem gewünschten Konfidenzintervall entspricht. Gleiches gilt für die
Bestimmung einer unteren oder oberen Schranke.

Da die Gaußverteilung so häufig vorkommt, werden Konfidenzintervalle oft für ganzzahlige
gauß’sche Standardabweichungen angegeben, z.B. das 1σ-Intervall mit Konfidenzniveau
68.3%. Die Tabellen 8.1 und 8.2 geben die wichtigsten Werte an. Abb. 8.2 illustriert deren
Bedeutung.

8.4 Spezialfall Poissonverteilter Schätzer

Ein weiterer wichtiger Spezialfall sind poissonverteilte Schätzer. Wir nehmen an, dass die
Ergebnisse n eines Zählexperiments poissonverteilt sind

f(n;λ) =
λn

n!
exp(−λ). (8.23)
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den wahren Wert nicht enthäht. Das Intervall [a(θ̂), b(θ̂)] heißt Konfidenzintervall und
1 − α − β ist die Überdeckungswahrscheinlichkeit (engl. coverage probability) bzw.
das Konfidenzniveau (engl. confidence level) des Intervalls. Auf der linken Seite von
Abb. 8.1 ist für einen gegebenen beobachteten Schätzwert θ̂obs das Konfidenzintervall mit
Konfidenzniveau 1 − α − β eingezeichnet.

Man beachte, dass durch Angabe eines Konfidenzniveaus 1−γ das Intervall nicht eindeutig
bestimmt ist, denn es bleibt offen wir γ auf α und β verteilt wird. Sehr oft wird α = β = γ/2
gewählt, wodurch das sogenannte zentrale Konfidenzintervall entsteht.

Nach dem gleichen Verfahren können auch Grenzwerte bestimmt werden. Wegen

P (a(θ̂) ≥ θ) = α (8.12)
⇔ P (a(θ̂) ≤ θ) = 1 − α (8.13)

ist a(θ̂) ein unterer Grenzwert für θ, wobei diese Aussage im oben diskutierten Sinne mit
einer Wahrscheinlichkeit von 1−α richtig ist. Auch hier spricht man vom Konfidenzniveau
1 − α des Grenzwerts. Analog ist b(θ̂) ein oberer Grenzwert für θ mit Konfidenzniveau
1 − β.

Hat man in einer Messung einen Schätzwert θ̂obs beobachtet, so kann man den unteren
Grenzwert a(θ̂obs) auch als denjenigen hypothetischen wahren Wert von θ ansehen, für
den die Wahrscheinlichkeit bei wiederholten Messungen einen Schätzwert θ̂ ≥ θ̂obs zu
erhalten, gerade α ist (siehe Abb. 8.1). Die Konstruktion des unteren Grenzwerts kann
man sich also auch so vorstellen, dass man den Grenzwert solange verringert, bis die
Wahrscheinlichkeit, einen Schätzwert θ̂ gleich oder grösser als den beobachteten zu finden,
nur noch α ist. Ist der wahre Wert von θ tatsächlich noch kleiner als das so bestimmte a,
so war unsere Messung eine statistische Fluktuation zu großen Werten von θ̂, die nur mit
einer Wahrscheinlichkeit von α vorkommt. In Formeln gefasst bedeutet dies

α =
∫ ∞

θ̂obs

g(θ̂; a)dθ̂ = 1 − G(θ̂obs; a), (8.14)

was man formal aus Gl. 8.2 erhält, indem man θ = a wählt. Aus dieser Formel kann man
ebenfalls α bestimmen. Für die obere Schranke gilt natürlich analoges, insbesondere

β =
∫ θ̂obs

−∞
g(θ̂; b)dθ̂ = G(θ̂obs; b). (8.15)

8.3 Spezialfall Gaußverteilter Schätzer

Ein wichtiger Spezialfall sind gaußverteilte Schätzer, da ML-Schätzer oder generell al-
le Schätzer, die sich als lineare Summe der Meßwerte schreiben lassen (zentraler Grenz-
wertsatz), zumindest asymptotisch (für großen Stichprobenumfang) gaußverteilt sind. Wir
nehmen also jetzt an, dass

g(θ̂; θ) =
1√
2πσ2

θ̂

exp

(
−(θ̂ − θ)2

2σ2
θ̂

)
. (8.16)

Wir nehmen zunächst an, dass die Standardabweichung σθ̂ bekannt ist und nicht von θ
abhängt. Dann ist schon anschaulich klar, dass sich die Konstruktion des Konfidenzinter-
valls sehr vereinfachen wird. Nehmen wir das zentrale Konfidenzintervall mit Konfidenzni-
veau 68.3%. Dieser Prozentsatz der Schätzwerte θ̂ liegen in dem 1σ-Intervall [θ−σθ̂, θ+σθ̂]
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Figure 4: Upper limits obtained via the Bayesian method recommended by the PDG RPP,
plotted as a confidence belt. The prior probability density for µ is uniform for all µ which
exist in the model, i.e., for µ � 0. The horizontal lines contain more than 95% of the
acceptance for x, so from the frequentist point of view the upper limits are conservative. For
this problem, the upper limits from CLS are the same.
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Figure 1: Illustration of statistical tests of parameter values µ for the cases of (a) little sensitivity
and (b) substantial sensitivity (see text).

of µ′ = 0 leads to a substantially greater probability to reject µ, i.e., to find qµ in the critical
region.

The sensitivity of a test of µ can be quantified using the power of the test with respect
to a stated alternative µ′, which we will take here to be the no-signal hypothesis, µ′ = 0. In
the case where the pdfs f(qµ|µ) and f(qµ|0) coincide, the probability to reject µ assuming
the alternative µ′ = 0 approaches the significance level of the test, α.

In the context of a search for a new phenomenon, this means that with probability not
less than α one will exclude hypotheses to which one has little or no sensitivity, which we
refer to here as spurious exclusion. The hypothesis might indeed be false, but if it is excluded,
this is more naturally interpreted as a data fluctuation away from the region favoured under
assumption of µ. This could result, for example, in a search for a hypothetical particle with
a mass far above the range where it would have a noticeable impact on the data. Particle
Physics experiments often carry out many searches covering a broad parameter range for
many signal models, and so spurious exclusion is in fact a problem that can arise often.

4 Previous methods that address spurious exclusion

The problem of spurious exclusion, or equivalently, having a “lucky” statistical fluctuation
lead to an anomalously strong limit, has been known in the particle physics community for
many years. The note by Highland [3] reviews the problem and proposes several possible
solutions; further discussion can be found in the review on statistics by the Particle Data
Group [4].

The problem received particular focus during searches for the Higgs Boson at the LEP
Collider in the 1990s, and led to a procedure called “CLs” [1]. Here one forms the ratio

CLs =
pµ

1− p0
, (5)

where pµ and p0 are the p-values of the hypothesized strength parameter values µ and 0,
respectively. In the CLs procedure, µ is deemed to be excluded if one finds CLs < α.
Because CLs is aways greater than pµ, the probability of exclusion assuming µ is necessarily
less than α. Thus the quoted upper limit from the CLs procedure will be greater than the

4

Pure frequentist would stop and say: „signal + background“ hypothesis is 
excluded with a confidence level CLS+B of 1- pµ

In the latter equation, fs(x) and fb(x) are pdfs of signal and background of some73

observable(s) x, while S and B are total event rates expected for signal and back-74

grounds.75

2. To compare the compatibility of the data with the background-only and signal+background76

hypotheses, where the signal is allowed to be scaled by some factor µ, we construct77

the test statistic q̃µ [11] based on the profile likelihood ratio:78

q̃µ = �2 ln
L(data|µ, ✓̂µ)
L(data|µ̂, ✓̂) , with a constraint 0  µ̂  µ (5)

where ✓̂µ refers to the conditional maximum likelihood estimators of ✓, given the79

signal strength parameter µ and “data” that, as before, may refer to the actual80

experimental observation or pseudo-data (toys). The pair of parameter estimators81

µ̂ and ✓̂ correspond to the global maximum of the likelihood.82

The lower constraint 0  µ̂ is dictated by physics (signal rate is positive), while83

the upper constraint µ̂  µ is imposed by hand in order to guarantee a one-sided84

(not detached from zero) confidence interval. Physics-wise, this means that upward85

fluctuations of the data such that µ̂ > µ are not considered as evidence against the86

signal hypothesis, namely a signal with strength µ.87

Note that this definition of the test statistic di↵ers from what has been used at88

LEP (where “profiling” of systematic errors was not used) and at Tevatron (where89

systematic errors were profiled, but µ in the denominator was fixed at zero). See90

Appendix A for details.91

3. Find the observed value of the test statistic q̃obsµ for the given signal strength modifier92

µ under test.93

4. Find values of the nuisance parameters ✓̂obs
0

and ✓̂obsµ best describing the experi-94

mentally observed data (i.e. maximising the likelihood as given in Eq. 2), for the95

background-only and signal+background hypotheses, respectively.96

5. Generate toy Monte Carlo pseudo-data to construct pdf s f(q̃µ|µ, ✓̂obsµ ) and f(q̃µ|0, ✓̂obs
0

)97

assuming a signal with strength µ in the signal+background hypothesis and for the98

background-only hypothesis (µ = 0). These distributions are shown in Fig. 1. Note,99

that for the purposes of generating a pseudo-dataset, the nuisance parameters are100

fixed to the values ✓̂obsµ or ✓̂obs
0

obtained by fitting the observed data, but are allowed101

to float in fits needed to evaluate the test statistic. This way, in which the nuisance102

parameters are fixed to their maximum likelihood estimates, has good coverage103

properties [12].104

6. Having constructed f(q̃µ|µ, ✓̂obsµ ) and f(q̃µ|0, ✓̂obs
0

) distributions, we define two p-105

values to be associated with the actual observation for the signal+background and106

background-only hypotheses, pµ and pb:107

pµ = P ( q̃µ � q̃obsµ | signal+background) =

Z 1

q̃obsµ

f(q̃µ|µ, ✓̂obsµ ) dq̃µ , (6)
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Figure 1: Illustration of statistical tests of parameter values µ for the cases of (a) little sensitivity
and (b) substantial sensitivity (see text).

of µ′ = 0 leads to a substantially greater probability to reject µ, i.e., to find qµ in the critical
region.

The sensitivity of a test of µ can be quantified using the power of the test with respect
to a stated alternative µ′, which we will take here to be the no-signal hypothesis, µ′ = 0. In
the case where the pdfs f(qµ|µ) and f(qµ|0) coincide, the probability to reject µ assuming
the alternative µ′ = 0 approaches the significance level of the test, α.

In the context of a search for a new phenomenon, this means that with probability not
less than α one will exclude hypotheses to which one has little or no sensitivity, which we
refer to here as spurious exclusion. The hypothesis might indeed be false, but if it is excluded,
this is more naturally interpreted as a data fluctuation away from the region favoured under
assumption of µ. This could result, for example, in a search for a hypothetical particle with
a mass far above the range where it would have a noticeable impact on the data. Particle
Physics experiments often carry out many searches covering a broad parameter range for
many signal models, and so spurious exclusion is in fact a problem that can arise often.

4 Previous methods that address spurious exclusion

The problem of spurious exclusion, or equivalently, having a “lucky” statistical fluctuation
lead to an anomalously strong limit, has been known in the particle physics community for
many years. The note by Highland [3] reviews the problem and proposes several possible
solutions; further discussion can be found in the review on statistics by the Particle Data
Group [4].

The problem received particular focus during searches for the Higgs Boson at the LEP
Collider in the 1990s, and led to a procedure called “CLs” [1]. Here one forms the ratio

CLs =
pµ

1− p0
, (5)

where pµ and p0 are the p-values of the hypothesized strength parameter values µ and 0,
respectively. In the CLs procedure, µ is deemed to be excluded if one finds CLs < α.
Because CLs is aways greater than pµ, the probability of exclusion assuming µ is necessarily
less than α. Thus the quoted upper limit from the CLs procedure will be greater than the
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4 Epiphany

Conventional statistical wisdom has remained unimpressed by the CLs approach despite significant
usage in the high-energy Physics results. In contemplations of approaches for LHC experiments
it has found less favour than the Profile Likelihood or ‘Minos’ method. However, in the ensuing
debate a technique called ‘power constrained limits’ has been advanced [2] which essentially uses a
Frequentist p-value but truncates the results where they are more powerful than a Bayesian analysis
would find acceptable. The arbitrary cut between acceptable and unacceptable in this method has
found supporters and detractors. However, it has much in common with the CLs method in that the
results are designed to by acceptable to Frequentists and Bayesians alike.
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Figure 3: Left: Example Gaussian distrinutions for a background centered at zero and a signals at two
sigma. Right: Intergral version of the left, giving CLb and CLsb. CLs, the ratio,is also shown.

In an exchange between Bob Cousins and Luc Demortier [3] designed to illustrate the perfor-
mance of the Power Constrained Limits method, a Gaussian distribution was considered along with
the Poisson. The distrbutions of the observable, x, and the dervied confidence levels, are shown in
Fig. 3. The upper limit is shown in Fig. 4, and this The upper limits from CLs are protected by the
division operation, but not in the manner fondly imagined. Fluctuations of the observation below the
background do not produce limits constrained to apply to regions of sensitivity, but instead improves
logarithmically with the number of sigmas of under-fluctuation. It is true that zero signal can never
be excluded, but the test of reasonableness of the results when interpreted in a Bayesian perspective
fails.

This leads to the question of why did it work for the Binomial distribution? Here the answer is
that fluctuations below zero observed are not possible; if zero is observed the Frequentist sum reverts
to being precisely the likelihood ratio, so giving the same results as a flat Bayesian prior calculation.
Greater numbers of observed events of course yield weaker limits. It is on this 0-observed case that
the CLs algorithm is based and for Binomial upper limits it retains this.
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be excluded, but the test of reasonableness of the results when interpreted in a Bayesian perspective
fails.

This leads to the question of why did it work for the Binomial distribution? Here the answer is
that fluctuations below zero observed are not possible; if zero is observed the Frequentist sum reverts
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Figure 4: The upper limit extracted from a Gaussian distribution with width one centered on zero, as
a function of the observed value.

5 Conclusions

The attractiveness of the CLs algorithm is tied to the specific properties of the Poisson distribution.
Analyses which move away from this regime should beware, and test the properties of the method
before adopting it. This should not be news, and many people will read this and say that of course
they knew it all along. But not all understood it.

This author finds the power constrained limits approach to be, on reflection, potentially more
attractive.
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4 Epiphany

Conventional statistical wisdom has remained unimpressed by the CLs approach despite significant
usage in the high-energy Physics results. In contemplations of approaches for LHC experiments
it has found less favour than the Profile Likelihood or ‘Minos’ method. However, in the ensuing
debate a technique called ‘power constrained limits’ has been advanced [2] which essentially uses a
Frequentist p-value but truncates the results where they are more powerful than a Bayesian analysis
would find acceptable. The arbitrary cut between acceptable and unacceptable in this method has
found supporters and detractors. However, it has much in common with the CLs method in that the
results are designed to by acceptable to Frequentists and Bayesians alike.
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In an exchange between Bob Cousins and Luc Demortier [3] designed to illustrate the perfor-
mance of the Power Constrained Limits method, a Gaussian distribution was considered along with
the Poisson. The distrbutions of the observable, x, and the dervied confidence levels, are shown in
Fig. 3. The upper limit is shown in Fig. 4, and this The upper limits from CLs are protected by the
division operation, but not in the manner fondly imagined. Fluctuations of the observation below the
background do not produce limits constrained to apply to regions of sensitivity, but instead improves
logarithmically with the number of sigmas of under-fluctuation. It is true that zero signal can never
be excluded, but the test of reasonableness of the results when interpreted in a Bayesian perspective
fails.

This leads to the question of why did it work for the Binomial distribution? Here the answer is
that fluctuations below zero observed are not possible; if zero is observed the Frequentist sum reverts
to being precisely the likelihood ratio, so giving the same results as a flat Bayesian prior calculation.
Greater numbers of observed events of course yield weaker limits. It is on this 0-observed case that
the CLs algorithm is based and for Binomial upper limits it retains this.
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5 Conclusions

The attractiveness of the CLs algorithm is tied to the specific properties of the Poisson distribution.
Analyses which move away from this regime should beware, and test the properties of the method
before adopting it. This should not be news, and many people will read this and say that of course
they knew it all along. But not all understood it.

This author finds the power constrained limits approach to be, on reflection, potentially more
attractive.
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Figure 1: Illustration of statistical tests of parameter values µ for the cases of (a) little sensitivity
and (b) substantial sensitivity (see text).

of µ′ = 0 leads to a substantially greater probability to reject µ, i.e., to find qµ in the critical
region.

The sensitivity of a test of µ can be quantified using the power of the test with respect
to a stated alternative µ′, which we will take here to be the no-signal hypothesis, µ′ = 0. In
the case where the pdfs f(qµ|µ) and f(qµ|0) coincide, the probability to reject µ assuming
the alternative µ′ = 0 approaches the significance level of the test, α.

In the context of a search for a new phenomenon, this means that with probability not
less than α one will exclude hypotheses to which one has little or no sensitivity, which we
refer to here as spurious exclusion. The hypothesis might indeed be false, but if it is excluded,
this is more naturally interpreted as a data fluctuation away from the region favoured under
assumption of µ. This could result, for example, in a search for a hypothetical particle with
a mass far above the range where it would have a noticeable impact on the data. Particle
Physics experiments often carry out many searches covering a broad parameter range for
many signal models, and so spurious exclusion is in fact a problem that can arise often.

4 Previous methods that address spurious exclusion

The problem of spurious exclusion, or equivalently, having a “lucky” statistical fluctuation
lead to an anomalously strong limit, has been known in the particle physics community for
many years. The note by Highland [3] reviews the problem and proposes several possible
solutions; further discussion can be found in the review on statistics by the Particle Data
Group [4].

The problem received particular focus during searches for the Higgs Boson at the LEP
Collider in the 1990s, and led to a procedure called “CLs” [1]. Here one forms the ratio

CLs =
pµ

1− p0
, (5)

where pµ and p0 are the p-values of the hypothesized strength parameter values µ and 0,
respectively. In the CLs procedure, µ is deemed to be excluded if one finds CLs < α.
Because CLs is aways greater than pµ, the probability of exclusion assuming µ is necessarily
less than α. Thus the quoted upper limit from the CLs procedure will be greater than the
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a function has been defined, one can for any observed value qµ,obs compute a p-value, i.e., the
probability under assumption of µ to find data with equal or greater incompatibility with µ,

pµ =
∫

∞

qµ,obs

f(qµ|µ) dqµ , (2)

where f(qµ|µ) represents the probability density function (pdf) of qµ assuming a data distri-
bution with strength parameter µ. Thus the test can be equivalently formulated by rejecting
µ if its p-value is found less than α.

A test of size α can be carried out for all values of µ. The set of values not rejected
constitutes a confidence interval for µ with confidence level 1 − α. This interval will by
construction include the true value of the parameter with a probability of at least 1− α.

The procedure described above for constructing a confidence interval by inverting a test
is not unique, however, because there are (often infinitely) many different subsets of the data
space that could be chosen for the test’s critical region wµ. This is usually selected such that
the probability to find x ∈ wµ is large if a given alternative hypothesis (or set of alternatives)
is true. The power of the test with respect to an alternative value of the parameter µ′, which
we denote here as Mµ′(µ), is

Mµ′(µ) = P (x ∈ wµ|µ
′) . (3)

If the test of µ is formulated using a p-value, such that finding pµ < α is equivalent to finding
x ∈ wµ, then the power can be written equivalently as

Mµ′(µ) = P (pµ < α|µ′) . (4)

Often the power with respect to certain alternatives is used as the criterion according to
which one chooses the critical region of a test. Confidence intervals obtained from inverting
the test thus depend on this choice. For the present discussion, however, we will assume that
the test has been defined, and the power will be used only to modify the resulting confidence
interval so that it does not exclude parameter values to which one does not have sufficient
sensitivity. This concept is defined more quantitatively in the following section.

3 Spurious exclusion

When testing a hypothesized strength parameter µ, it may be that the magnitude of the
signal implied by µ is extremely small — so small, that the probabilities for the data are very
close to what they would be in the absence of the signal process, i.e., µ = 0. In such a case
one has little or no sensitivity to the given value of µ.

For example, Fig. 1 illustrates a situation where there is only a very small level of sen-
sitivity to a given strength parameter µ. The plot shows the pdfs of the statistic qµ under
assumption of strength parameters µ, and also assuming µ = 0, i.e., f(qµ|µ) and f(qµ|0).
If the observed value of the statistic is found in the critical region corresponding to the top
5% of f(qµ|µ), then the hypothesized µ is rejected. But as the two pdfs almost coincide, the
probability to reject µ if the true strength parameter is zero is also close to α = 0.05.

Figure 1(b) shows the same distributions as (a) but for a different value of µ. The size of
the test is, as in (a), equal to α. Here, however, the distribution of qµ under the assumption
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data generated according to µ = 0. The value M0(µ) is then found simply by integrating
each distribution from zero up to the desired significance level α (e.g., 0.05).

An equivalent and in ways simpler procedure is first to carry out the statistical test
without the power constraint, and invert this to find the unconstrained confidence interval
for µ. Some of the parameter values that are excluded from this interval may be found to have
a power below the required threshold, and they are then re-included in the power-constrained
interval, which is thus by construction a superset of the unconstrained one.

For example, one may be interested in finding an an upper limit, µup, i.e., the largest
value of µ not excluded. By inverting the test, one determines µup as a function of the data.
One can therefore determine the distribution of µup, e.g., by simulating the experiment many
times under assumption of µ = 0 and constructing a histogram of µup for each outcome. Then
for each value of µ one determines the corresponding power. This is the probability, under
assumption of the background-only (µ = 0) hypothesis, to reject µ, i.e., to find µ outside of
the unconstrained confidence interval. In the case of an upper limit this is

M0(µ) = P (µup < µ|0) . (7)

One should note the following caveat: It can be that for certain data outcomes, all values
of µ are excluded by the test, in which case µup is not defined. In such cases one must count
the outcomes as contributing to the probability that µ is outside the confidence interval.

With this in mind, one can then find the smallest value of µ for which the power M0(µ)
is at least equal to the minimum value Mmin, denoted here as µmin. The Power-Constrained
Limit µ∗

up is given by the larger of the unconstrained limit µup or the minimum value to which
one has sensitivity, µmin:

µ∗

up = max(µup, µmin) . (8)

6 PCL for an upper limit based on a Gaussian measurement

Often the test of µ is based on a Gaussian distributed measurement. For example, for a
sufficiently large data sample and under conditions often satisfied in practice, the distribution
of the Maximum Likelihood Estimator µ̂ has a Gaussian form with standard deviation σ and
is centred about the true µ. Here we will assume this is the case and further take σ to be
known.

For the case of an upper limit, we define the critical region to contain the lowest values
of µ̂ such that the probability to find µ̂ there is equal to α. For Gaussian distributed µ̂ with
mean µ and standard deviation σ, the critical region is therefore

µ̂ < µ− σΦ−1(1− α) , (9)

where Φ−1 is the inverse of the standard Gaussian cumulative distribution (the standard
normal quantile). For example, α = 0.05 gives Φ−1(1− α) = 1.64.

Rejecting µ if the data are in the critical region gives the unconstrained upper limit,

µup = µ̂+ σΦ−1(1− α) . (10)

The power of the test of µ with respect to the alternative µ′ = 0 is

6

Upper limit from inversion of hypothesis test 
All values µ  ≥ µup  are called excluded 

First normal condition for exclusion of a value of µ:  
measurement x is in critical region (ωµ) for a test of µ  
or p-value for x is smaller than size of test α=1-CL  
 
Supplemented by second condition: 
sufficient sensitivity for discrimination of µ 
from  alternative hypothesis µ’=0 
 or power M=1-β  of testing µ’ vs µ ≥ minimal value 

Power M defined with critical 
region or via p-value w.r.t. µ

Procedure:  determine “usual”  upper limit µup 

Find minimal µ value which has minimal power Mmin   µ min 

The PCL  µ*up  is then given by larger of the two: 

For Mmin=16%  µ min = “median expected – 1 σ” under hypothesis µ’= 0 



PCL for Gauss-PDF with µ‘ = 0   
M0(µ) = P
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)
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Because µ̂ here follows a Gaussian distribution, the power can be written

M0(µ) = Φ
(

µ

σ
− Φ−1(1− α)

)

. (12)

This is illustrated in Fig. 2 for α = 0.05 and σ = 1. Since the cumulative distribution Φ is
monotonically increasing and furthermore Φ(1− α) = −Φ(α), Eq. (12) gives M0(0) = α and
M0(µ) > α for all µ > 0, as can be seen in the figure.
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Requiring the power M0(µ) ≥ Mmin,

Φ
(

µ

σ
− Φ−1(1− α)

)

≥ Mmin , (13)

implies that the smallest µ to which one is sensitive is

µmin = σ
(

Φ−1(Mmin) + Φ−1(1− α)
)

. (14)

By combining Eqs. (10) and (14), one sees that µup is below µmin if one finds

µ̂ < σΦ−1(Mmin) . (15)

Thus one finds the following expression for the power-constrained upper limit:

µ∗

up =

⎧

⎨

⎩

σ
(

Φ−1(Mmin) + Φ−1(1− α)
)

µ̂ < σΦ−1(Mmin) ,

µ̂+ σΦ−1(1− α) otherwise .
(16)

This is shown as a function of µ̂ in Fig. 3(a).

For comparison, Fig. 3(a) also shows the upper limit without the power costraint (here
called “classical”) as well as the one obtained from the CLs procedure, which for this particular
problem coincides with the Bayesian upper limit when using a constant prior for µ ≥ 0.

Figure 3(b) shows the corresponding coverage probabilities for the upper limits. For PCL,
this is 100% for µ < µmin = σ(Φ−1(Mmin)+Φ−1(1−α)) = 0.64, and 95% otherwise. For CLs

and Bayesian, the coverage probability is everywhere greater than 95%, approaching 95% as
µ increases.
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Critical region in a test of µ with size α

The “usual” limit is then given by: 

data generated according to µ = 0. The value M0(µ) is then found simply by integrating
each distribution from zero up to the desired significance level α (e.g., 0.05).

An equivalent and in ways simpler procedure is first to carry out the statistical test
without the power constraint, and invert this to find the unconstrained confidence interval
for µ. Some of the parameter values that are excluded from this interval may be found to have
a power below the required threshold, and they are then re-included in the power-constrained
interval, which is thus by construction a superset of the unconstrained one.

For example, one may be interested in finding an an upper limit, µup, i.e., the largest
value of µ not excluded. By inverting the test, one determines µup as a function of the data.
One can therefore determine the distribution of µup, e.g., by simulating the experiment many
times under assumption of µ = 0 and constructing a histogram of µup for each outcome. Then
for each value of µ one determines the corresponding power. This is the probability, under
assumption of the background-only (µ = 0) hypothesis, to reject µ, i.e., to find µ outside of
the unconstrained confidence interval. In the case of an upper limit this is

M0(µ) = P (µup < µ|0) . (7)

One should note the following caveat: It can be that for certain data outcomes, all values
of µ are excluded by the test, in which case µup is not defined. In such cases one must count
the outcomes as contributing to the probability that µ is outside the confidence interval.

With this in mind, one can then find the smallest value of µ for which the power M0(µ)
is at least equal to the minimum value Mmin, denoted here as µmin. The Power-Constrained
Limit µ∗

up is given by the larger of the unconstrained limit µup or the minimum value to which
one has sensitivity, µmin:

µ∗

up = max(µup, µmin) . (8)

6 PCL for an upper limit based on a Gaussian measurement

Often the test of µ is based on a Gaussian distributed measurement. For example, for a
sufficiently large data sample and under conditions often satisfied in practice, the distribution
of the Maximum Likelihood Estimator µ̂ has a Gaussian form with standard deviation σ and
is centred about the true µ. Here we will assume this is the case and further take σ to be
known.

For the case of an upper limit, we define the critical region to contain the lowest values
of µ̂ such that the probability to find µ̂ there is equal to α. For Gaussian distributed µ̂ with
mean µ and standard deviation σ, the critical region is therefore

µ̂ < µ− σΦ−1(1− α) , (9)

where Φ−1 is the inverse of the standard Gaussian cumulative distribution (the standard
normal quantile). For example, α = 0.05 gives Φ−1(1− α) = 1.64.

Rejecting µ if the data are in the critical region gives the unconstrained upper limit,

µup = µ̂+ σΦ−1(1− α) . (10)

The power of the test of µ with respect to the alternative µ′ = 0 is
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This is illustrated in Fig. 2 for α = 0.05 and σ = 1. Since the cumulative distribution Φ is
monotonically increasing and furthermore Φ(1− α) = −Φ(α), Eq. (12) gives M0(0) = α and
M0(µ) > α for all µ > 0, as can be seen in the figure.
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implies that the smallest µ to which one is sensitive is
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By combining Eqs. (10) and (14), one sees that µup is below µmin if one finds

µ̂ < σΦ−1(Mmin) . (15)

Thus one finds the following expression for the power-constrained upper limit:

µ∗
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⎩
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(

Φ−1(Mmin) + Φ−1(1− α)
)

µ̂ < σΦ−1(Mmin) ,

µ̂+ σΦ−1(1− α) otherwise .
(16)

This is shown as a function of µ̂ in Fig. 3(a).

For comparison, Fig. 3(a) also shows the upper limit without the power costraint (here
called “classical”) as well as the one obtained from the CLs procedure, which for this particular
problem coincides with the Bayesian upper limit when using a constant prior for µ ≥ 0.

Figure 3(b) shows the corresponding coverage probabilities for the upper limits. For PCL,
this is 100% for µ < µmin = σ(Φ−1(Mmin)+Φ−1(1−α)) = 0.64, and 95% otherwise. For CLs

and Bayesian, the coverage probability is everywhere greater than 95%, approaching 95% as
µ increases.
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Figure 3: (a) Upper limits from the PCL (solid), CLs and Bayesian (dashed), and classical (dotted)

procedures as a function of µ̂), which is assumed to follow a Gaussian distribution with unit standard
deviation. (b) The corresponding coverage probabilities as a function of µ.

7 Distribution of upper limit and choice of minimum power

As mentioned above, we prefer to take the minimum power threshold Mmin = Φ(−1) =
0.1587. From Eq. (15) one can see that if µup follows a Gaussian distribution, this choice of
Mmin corresponds to applying the power constraint if the data fluctuate below their expected
value, under assumption of µ = 0, by more than one standard deviation. Here we will refer to
a fluctuation at this level as 1σ (downward), regardless of the distribution of µup. In fact, the
distribution of µup often is close to Gaussian so the terminology is natural and convenient.

This choice of Mmin can be motivated by the idea that a sufficiently small fluctuation
should not result in spurious exclusion of the type that the PCL and CLs procedures are
intended to prevent. If, for example, one were to require Mmin = 0.5, then one would impose
the power constraint whenever the observed limit is found below the median, i.e., half of the
time, which is not consistent with the notion of accepting small fluctuations. Therefore we
feel requiring a power of 50% is too extreme.

On the other hand, for any (unbiased) test, the power is always greater than or equal to
the significance level α. So if one were to take Mmin ≤ α then the result is the same as the
unconstrained limit. Since one often takes α = 0.05, taking Mmin = 0.05 would correspond
to a 1.64σ downward fluctuation (i.e., Φ(−1.64) = 0.05).

Sensitivity to the parameter µ corresponds having a power M0(µ) substantially larger
than the significance level α. Therefore one would like to take Mmin large with respect to
α, while still allowing for moderate a downward fluction of the limit before imposing the
power constraint. We therefore believe Mmin = Φ(−1) ≈ 0.16 is a natural choice for use with
α = 0.05. This allows for fluctuations up to the one-sigma level before imposing the power
constraint, and the difference between α = 0.05 and Mmin = 0.16 is sufficient to ensure a
reasonable sensitivity. If one were to take, e.g., α = 0.1, as is done in some analyses, then
one may consider that a somewhat larger Mmin is appropriate.

In many searches for new phenomena, one may carry out the analysis for a range of
parameters in the signal model. For example, when searching for the Higgs boson one may
carry out the analysis for each value of the mass mH. In this situation one can simply
repeat the power-constraint procedure for each value of the signal model’s parameters, as is
illustrated in Fig. 4.
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µ∗

up =

⎧

⎨

⎩

σ
(

Φ−1(Mmin) + Φ−1(1− α)
)

µ̂ < σΦ−1(Mmin) ,
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This is shown as a function of µ̂ in Fig. 3(a).

For comparison, Fig. 3(a) also shows the upper limit without the power costraint (here
called “classical”) as well as the one obtained from the CLs procedure, which for this particular
problem coincides with the Bayesian upper limit when using a constant prior for µ ≥ 0.

Figure 3(b) shows the corresponding coverage probabilities for the upper limits. For PCL,
this is 100% for µ < µmin = σ(Φ−1(Mmin)+Φ−1(1−α)) = 0.64, and 95% otherwise. For CLs

and Bayesian, the coverage probability is everywhere greater than 95%, approaching 95% as
µ increases.
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data generated according to µ = 0. The value M0(µ) is then found simply by integrating
each distribution from zero up to the desired significance level α (e.g., 0.05).

An equivalent and in ways simpler procedure is first to carry out the statistical test
without the power constraint, and invert this to find the unconstrained confidence interval
for µ. Some of the parameter values that are excluded from this interval may be found to have
a power below the required threshold, and they are then re-included in the power-constrained
interval, which is thus by construction a superset of the unconstrained one.

For example, one may be interested in finding an an upper limit, µup, i.e., the largest
value of µ not excluded. By inverting the test, one determines µup as a function of the data.
One can therefore determine the distribution of µup, e.g., by simulating the experiment many
times under assumption of µ = 0 and constructing a histogram of µup for each outcome. Then
for each value of µ one determines the corresponding power. This is the probability, under
assumption of the background-only (µ = 0) hypothesis, to reject µ, i.e., to find µ outside of
the unconstrained confidence interval. In the case of an upper limit this is

M0(µ) = P (µup < µ|0) . (7)

One should note the following caveat: It can be that for certain data outcomes, all values
of µ are excluded by the test, in which case µup is not defined. In such cases one must count
the outcomes as contributing to the probability that µ is outside the confidence interval.

With this in mind, one can then find the smallest value of µ for which the power M0(µ)
is at least equal to the minimum value Mmin, denoted here as µmin. The Power-Constrained
Limit µ∗

up is given by the larger of the unconstrained limit µup or the minimum value to which
one has sensitivity, µmin:

µ∗

up = max(µup, µmin) . (8)

6 PCL for an upper limit based on a Gaussian measurement

Often the test of µ is based on a Gaussian distributed measurement. For example, for a
sufficiently large data sample and under conditions often satisfied in practice, the distribution
of the Maximum Likelihood Estimator µ̂ has a Gaussian form with standard deviation σ and
is centred about the true µ. Here we will assume this is the case and further take σ to be
known.

For the case of an upper limit, we define the critical region to contain the lowest values
of µ̂ such that the probability to find µ̂ there is equal to α. For Gaussian distributed µ̂ with
mean µ and standard deviation σ, the critical region is therefore

µ̂ < µ− σΦ−1(1− α) , (9)

where Φ−1 is the inverse of the standard Gaussian cumulative distribution (the standard
normal quantile). For example, α = 0.05 gives Φ−1(1− α) = 1.64.

Rejecting µ if the data are in the critical region gives the unconstrained upper limit,

µup = µ̂+ σΦ−1(1− α) . (10)

The power of the test of µ with respect to the alternative µ′ = 0 is
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sufficiently large data sample and under conditions often satisfied in practice, the distribution
of the Maximum Likelihood Estimator µ̂ has a Gaussian form with standard deviation σ and
is centred about the true µ. Here we will assume this is the case and further take σ to be
known.

For the case of an upper limit, we define the critical region to contain the lowest values
of µ̂ such that the probability to find µ̂ there is equal to α. For Gaussian distributed µ̂ with
mean µ and standard deviation σ, the critical region is therefore
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where Φ−1 is the inverse of the standard Gaussian cumulative distribution (the standard
normal quantile). For example, α = 0.05 gives Φ−1(1− α) = 1.64.
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Figure 4: Illustration of the
power-constrained limit as a func-
tion of a model parameter such
as the Higgs boson mass mH (see
text).

In Fig. 4, the solid line represents the median value of the unconstrained upper limit µup,
and the lower and upper dashed curves are the 0.16 and 0.84 quantiles of the distribution of
µup. The dotted curve in Fig. 4 represents a possible outcome for the unconstrained limit µup.
The minimum power is taken to be Mmin = Φ(−1) = 0.16, and thus the power-constrained
limit is the greater of the dotted and lower dashed curves, as indicated by the shaded curve.

8 Treatment of nuisance parameters

In many analyses, the probability model that describes the data is not uniquely specified
by the parameter (or parameters) of interest, but rather also contains nuisance parameters.
That is, the values of these parameters are not known a priori and they must be fitted using
the data. For concreteness suppose the model is characterized by a strength parameter µ and
a set of nuisance parameters θ = (θ1, . . . , θN ).

The nuisance parameters complicate the present problem in two ways. First, they make
it difficult to construct an unconstrained interval for the parameter of interest that has the
correct coverage probability for all values of θ. This problem has been widely discussed in
recent years, e.g., Ref. [6]. Many of the proposed procedures give intervals with correct cover-
age for some values of θ, but approximate coverage elsewhere. For example, an approximate
solution based on the profile likelihood ratio test is discussed in Refs. [7]. For the present
discussion we will assume that a test procedure that gives an unconstrained interval has been
chosen. Its coverage probability may or may not be exactly equal to the nominal confidence
level for all values of θ.

Of more direct concern for the present paper is the fact that the power of the test of µ
with respect to the no-signal alternative will depend in general on the nuisance parameters
θ. As the power is intended to represent the probability, under assumption of the no-signal
model, to reject a given value of µ, we take the values of θ that are in best agreement with

the actual data under assumption of µ = 0. We denote these as ˆ̂
θ(0), i.e., they are the

conditional estimators for θ under assumption of µ = 0.

As a consequence of this choice, the power M0(µ) becomes a function of the actual data,
since the data are used to determine values for the nuisance parameters. Thus the range of µ
values where one has sufficient sensitivity also depends to some extent on the data. This may
seem counter-intuitive, since the power of a specific test, i.e., at a given point in (µ,θ)-space,
is independent of the data. But there is a certain power M0(µ) for every point in θ-space,
and one uses the data to choose the point at which one quotes the power.
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By combining Eqs. (10) and (14), one sees that µup is below µmin if one finds

µ̂ < σΦ−1(Mmin) . (15)

Thus one finds the following expression for the power-constrained upper limit:
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)

µ̂ < σΦ−1(Mmin) ,

µ̂+ σΦ−1(1− α) otherwise .
(16)

This is shown as a function of µ̂ in Fig. 3(a).

For comparison, Fig. 3(a) also shows the upper limit without the power costraint (here
called “classical”) as well as the one obtained from the CLs procedure, which for this particular
problem coincides with the Bayesian upper limit when using a constant prior for µ ≥ 0.

Figure 3(b) shows the corresponding coverage probabilities for the upper limits. For PCL,
this is 100% for µ < µmin = σ(Φ−1(Mmin)+Φ−1(1−α)) = 0.64, and 95% otherwise. For CLs

and Bayesian, the coverage probability is everywhere greater than 95%, approaching 95% as
µ increases.
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Figure 3: (a) Upper limits from the PCL (solid), CLs and Bayesian (dashed), and classical (dotted)

procedures as a function of µ̂), which is assumed to follow a Gaussian distribution with unit standard
deviation. (b) The corresponding coverage probabilities as a function of µ.

7 Distribution of upper limit and choice of minimum power

As mentioned above, we prefer to take the minimum power threshold Mmin = Φ(−1) =
0.1587. From Eq. (15) one can see that if µup follows a Gaussian distribution, this choice of
Mmin corresponds to applying the power constraint if the data fluctuate below their expected
value, under assumption of µ = 0, by more than one standard deviation. Here we will refer to
a fluctuation at this level as 1σ (downward), regardless of the distribution of µup. In fact, the
distribution of µup often is close to Gaussian so the terminology is natural and convenient.

This choice of Mmin can be motivated by the idea that a sufficiently small fluctuation
should not result in spurious exclusion of the type that the PCL and CLs procedures are
intended to prevent. If, for example, one were to require Mmin = 0.5, then one would impose
the power constraint whenever the observed limit is found below the median, i.e., half of the
time, which is not consistent with the notion of accepting small fluctuations. Therefore we
feel requiring a power of 50% is too extreme.

On the other hand, for any (unbiased) test, the power is always greater than or equal to
the significance level α. So if one were to take Mmin ≤ α then the result is the same as the
unconstrained limit. Since one often takes α = 0.05, taking Mmin = 0.05 would correspond
to a 1.64σ downward fluctuation (i.e., Φ(−1.64) = 0.05).

Sensitivity to the parameter µ corresponds having a power M0(µ) substantially larger
than the significance level α. Therefore one would like to take Mmin large with respect to
α, while still allowing for moderate a downward fluction of the limit before imposing the
power constraint. We therefore believe Mmin = Φ(−1) ≈ 0.16 is a natural choice for use with
α = 0.05. This allows for fluctuations up to the one-sigma level before imposing the power
constraint, and the difference between α = 0.05 and Mmin = 0.16 is sufficient to ensure a
reasonable sensitivity. If one were to take, e.g., α = 0.1, as is done in some analyses, then
one may consider that a somewhat larger Mmin is appropriate.

In many searches for new phenomena, one may carry out the analysis for a range of
parameters in the signal model. For example, when searching for the Higgs boson one may
carry out the analysis for each value of the mass mH. In this situation one can simply
repeat the power-constraint procedure for each value of the signal model’s parameters, as is
illustrated in Fig. 4.
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Construction of  CI using Likelihood Ratio 

with Gaussian intervals), 90%, 95%, and 99%. Values in italics indicate results which must
be taken with particular caution, since the probability of obtaining the number of events
observed or fewer is less than 1%, even if µ = 0. (See Sec. IVC below.)

Figure 8 shows, for n = 0 through n = 10, the value of µ2 as a function of b, for
90% C.L. The small horizontal sections in the curves are the result of the mild pathology
mentioned above, in which the original curves make a small dip, which we have eliminated.
Dashed portions in the lower right indicate results which must be taken with particular
caution, corresponding to the italicized values in the tables. Dotted portions on the upper
left indicate regions where µ1 is non-zero. These corresponding values of µ1 are shown in
Fig. 9.

Figure 8 can be compared with the Bayesian calculation in Fig. 28.8 of Ref. [2] which
uses a uniform prior for µt. A noticeable difference is that our curve for n = 0 decreases
as a function of b, while the result of the Bayesian calculation stays constant (at 2.3). The
decreasing limit in our case reflects the fact that P (n0|µ) decreases as b increases. We find
that objections to this behavior are typically based on a misplaced Bayesian interpretation
of classical intervals, namely the attempt to interpret them as statements about P (µt|n0).

B. Gaussian with Boundary at Origin

It is straightforward to apply our ordering principle to the other troublesome example
of Sec. III, the case of a Gaussian resolution function (Eq. 3.1) for µ, when µ is physically
bounded to non-negative values. In analogy with the Poisson case, for a particular x,
we let µbest be the physically allowed value of µ for which P (x|µ) is maximum. Then
µbest = max(0, x), and

P (x|µbest) =

{
1/
√

2π, x ≥ 0
exp(−x2/2)/

√
2π, x < 0.

(4.2)

We then compute R in analogy to Eq. 4.1, using Eqs. 3.1 and 4.2:

R(x) =
P (x|µ)

P (x|µbest)
=

{
exp(−(x − µ)2/2), x ≥ 0
exp(xµ − µ2/2), x < 0.

(4.3)

During our Neyman construction of confidence intervals, R determines the order in which
values of x are added to the acceptance region at a particular value of µ. In practice, this
means that for a given value of µ, one finds the interval [x1, x2] such that R(x1) = R(x2)
and

∫ x2

x1

P (x|µ)dx = α. (4.4)

We solve for x1 and x2 numerically to the desired precision, for each µ in a grid with
0.001 spacing. With the acceptance regions all constructed, we then read off the confidence
intervals [µ1, µ2] for each x0 as in Fig. 1.

Table X contains the results for representative measured values and confidence levels.
Figure 10 shows the confidence belt for 90% C.L.

It is instructive to compare Fig. 10 with Fig. 3. At large x, the confidence intervals
[µ1, µ2] are the same in both plots, since that is far away from the constraining boundary.
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left indicate regions where µ1 is non-zero. These corresponding values of µ1 are shown in
Fig. 9.

Figure 8 can be compared with the Bayesian calculation in Fig. 28.8 of Ref. [2] which
uses a uniform prior for µt. A noticeable difference is that our curve for n = 0 decreases
as a function of b, while the result of the Bayesian calculation stays constant (at 2.3). The
decreasing limit in our case reflects the fact that P (n0|µ) decreases as b increases. We find
that objections to this behavior are typically based on a misplaced Bayesian interpretation
of classical intervals, namely the attempt to interpret them as statements about P (µt|n0).

B. Gaussian with Boundary at Origin

It is straightforward to apply our ordering principle to the other troublesome example
of Sec. III, the case of a Gaussian resolution function (Eq. 3.1) for µ, when µ is physically
bounded to non-negative values. In analogy with the Poisson case, for a particular x,
we let µbest be the physically allowed value of µ for which P (x|µ) is maximum. Then
µbest = max(0, x), and

P (x|µbest) =

{
1/
√

2π, x ≥ 0
exp(−x2/2)/

√
2π, x < 0.

(4.2)

We then compute R in analogy to Eq. 4.1, using Eqs. 3.1 and 4.2:

R(x) =
P (x|µ)

P (x|µbest)
=

{
exp(−(x − µ)2/2), x ≥ 0
exp(xµ − µ2/2), x < 0.

(4.3)

During our Neyman construction of confidence intervals, R determines the order in which
values of x are added to the acceptance region at a particular value of µ. In practice, this
means that for a given value of µ, one finds the interval [x1, x2] such that R(x1) = R(x2)
and

∫ x2

x1

P (x|µ)dx = α. (4.4)

We solve for x1 and x2 numerically to the desired precision, for each µ in a grid with
0.001 spacing. With the acceptance regions all constructed, we then read off the confidence
intervals [µ1, µ2] for each x0 as in Fig. 1.

Table X contains the results for representative measured values and confidence levels.
Figure 10 shows the confidence belt for 90% C.L.

It is instructive to compare Fig. 10 with Fig. 3. At large x, the confidence intervals
[µ1, µ2] are the same in both plots, since that is far away from the constraining boundary.
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Upper Limits for Gauss-PDF at 95% CL 

Measured Mean x
-3 -2 -1 0 1 2 3 4 5 6 7

µ
M

ea
n 

0

1

2

3

4

5

6

7

8

9

10

Figure 1: Confidence belt corresponding to the original diagonal line at 95% C.L., as de-
scribed in the text. Negative values of µ do not exist in the model, so for x < �1.64, the set
of values of µ not excluded is the empty set. Here and in other figures, � = 1 without loss
of generality. (Equivalently, µ and x are µ/� and x/�, respectively.)

3

1 Introduction

In high energy physics (HEP), a prototype problem with far-reaching implications and gen-
eralizations is that in which an observable x is the measured value (negative or non-negative)
of a “true mean” µ (physically non-negative) in an experiment with a Gaussian resolution
function with fixed rms deviation �, assumed known for most of this discussion. Typically
the scientific context has been searches to establish a non-zero value of µ that would signal
a discovery (non-zero neutrino mass; existence of a rare process; etc.). In the absence of
a signal, traditionally one would set an upper limit µUL on µ at specified confidence level
(C.L.),

µUL = x+ 1.64� (95%C.L.), (1)

or µUL = x+1.28� (90% C.L.). I refer to this method as the “original diagonal line”, defined
by one-tailed integrals with 5% and 10% tail probabilities, respectively.

Figure 1 displays Eqn. 1 in the form of a confidence belt. (In the figure and much of this
paper, � is set to 1 without loss of generality. Equivalently, µ and x are to be interpreted as
µ/� and x/�, respectively.) For each possible value of the unknown true value of µ (vertical
axis), there is a horizontal line (“acceptance interval”, drawn for representative values of
µ) such that there is a 95% probability that the observed x is within that line. Upon
observing a value of x, one draws a vertical line through the observed value. The quoted
confidence interval for µ consists of those values of µ for which the associated horizontal line
is intersected by the vertical line, in this case thus recovering Eqn. 1. For x < �1.64, the
confidence interval is thus the empty set. Nonetheless, this confidence belt has the property
that no matter what the true value of µ is, 95% of the quoted confidence intervals will
contain (“cover”) that value. Furthermore, this belt gives the tightest limits (corresponding
to a “most powerful” test) of all one-sided belts.

Historically, as x became small, negative, or very negative, increasing levels of discomfort
would set in among many physicists. When the formal results from using Eqn. 1 yielded
µUL < 0, some described the upper limit as “unphysical” rather than the empty set, but in
any case the experimenter was faced with a problem. In a 1986 note [1], Virgil Highland
summarized six recipes (here converted to 95% C.L. if used), three based on the diagonal
line of Eqn. 1.

One possibility, referred to by Highland as the “Truncated Classical Method”, was to
replace the negative or empty-set upper limit of Eqn. 1 (obtained when x < �1.64) with
µUL = 0. That is, µUL = max(0, x+ 1.64), with the corresponding confidence belt shown in
Fig. 2. I do not know if µUL = 0 was ever used in a publication. In the 2008–2009 Higgs
statistical combination study in Ref. [2], ATLAS describes a method which again yields
µUL = max(0, x + 1.64). This method is used by the 2011 ATLAS supersymmetry searches
published in Refs. [3, 4], apparently without encountering the case µUL = 0. (A “power
constrained” modification also used by ATLAS is described below.)

A more common notion was to use max(0, x) rather than x in Eqn. 1, i.e., to move
the measured value x to the physical boundary and proceed, obtaining µUL = 1.64. The
corresponding belt (Fig. 3) has 100% coverage for µ  1.64.

There was however a sense among many (correct in my view) that the problem with
these diagonal line solutions with horizontal-line modifications was fundamental and could
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Figure 3: Modification of the confidence belt in Fig. 1 by using the µUL for x = 0 when x < 0,
so that µUL = max(0, x) + 1.64. The same result is obtained by using a Power Constrained
Limit of CCGV [5] with 50% power constraint.

5

Measured Mean x
-3 -2 -1 0 1 2 3 4 5 6 7

µ
M

ea
n 

0

1

2

3

4

5

6

7

8

9

10

Figure 3: Modification of the confidence belt in Fig. 1 by using the µUL for x = 0 when x < 0,
so that µUL = max(0, x) + 1.64. The same result is obtained by using a Power Constrained
Limit of CCGV [5] with 50% power constraint.
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Figure 4: Upper limits obtained via the Bayesian method recommended by the PDG RPP,
plotted as a confidence belt. The prior probability density for µ is uniform for all µ which
exist in the model, i.e., for µ � 0. The horizontal lines contain more than 95% of the
acceptance for x, so from the frequentist point of view the upper limits are conservative. For
this problem, the upper limits from CLS are the same.

7

Measured Mean x
-3 -2 -1 0 1 2 3 4 5 6 7

µ
M

ea
n 

0

1

2

3

4

5

6

7

8

9

10

Figure 5: 95% confidence belt advocated by Feldman and Cousins [8]. For x  1.64, the lower
end of the interval is 0. All horizontal acceptance intervals contain 95% of the probability
for observing x.
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Figure 6: Upper limits obtained by the “Power Constrained Limit” method following the
recommended 16% power constraint of CCGV [5] which leads to µUL = max(�1, x) + 1.64.
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Figure 6: Upper limits obtained by the “Power Constrained Limit” method following the
recommended 16% power constraint of CCGV [5] which leads to µUL = max(�1, x) + 1.64.
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Classical  Bayesian / CLS  FC unified 

PCL 50% PCL 16 % 

Comparison of Upper Limits  95% CL for Gauss PDF 
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Upper limits for Gaussian problem 
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Coverage probability for Gaussian problem 

Gauss PDF with variance =1 ,   physical region µ≥ 0. upper limit at 95% CL  
(PCL with Mmin=16% (50%), equivalent to replacing observation by -1 if < -1 (0 if < 0))    

FC gives smallest upper limits for large negative values 
FC/unified approach can be supplemented by power constraint  
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Comparison of Upper Limits and Their Coverage 


